
Algebra 2: Harjoitukset 8. Due November 10

A. Let f(x) = f1(x)f2(x) ∈ Q[x], where f1 and f2 are irreducible polynomials of degree at least 2, whose
splitting fields K1 and K2 are two different subfield of C, neither contained in the other. Let G be the Galois
group of f over Q. Prove that G has at least two different proper non-trival normal subgroups.

B. Suppose a finite group G acts on a set X. Fix x ∈ X and let H ⊂ G be its stabilizer. Prove |G| = |H||G · x|
where G · x is the orbit of x under G. [Hint: Try to find a bijection from the set of cosets G/H to the orbit.]

C.

Let G be the rotational symmetry group of the regular tetrahedron X, a solid with
four faces consisting of equilateral triangles, four vertices and six edges.
Consider the natural action of G on X by symmetries.
See also https://www.learner.org/interactives/geometry/platonic.html

(1) Explain why there is a natural action of G on the vertices of X. Compute the cardinalities of the orbit
and stabilizer of each vertex. Use this (and B) to compute |G|.

(2) Explain why there is a natural action of G on the faces of X. Compute the cardinalities of the orbit
and stabilizer of each face. Use this (and B) to compute |G| a different way.

(3) Explain why there is a natural action of G on the edges of X. Compute the cardinalities of the orbit
and stabilizer of each vertex.

(4) Find four non-equal subgroups of G that are conjugate to each other by Exercise D(v) from last week.
Is any of these normal in G?

D. Let G be any finite group and let G be the set of all subgroups of G.

(1) For any g ∈ G and subgroup H ∈ G, show that gHg−1 is a subgroup of G.
(2) Prove that the map

G× G −→ (g,H) 7→ gHg−1

defines an action of G on G. This is called the conjugation action.
(3) Prove that H ∈ G is fixed by the action (meaning it is the only element in its orbit) if and only if H is

normal in G.
(4) Prove that H ∈ G is a normal subgroup if and only if the stabilizer of H under the conjugation action

is all of G.
(5) For the group S3, figure out all the orbits of its action on the set of its subgroups. Find also the stabilizer

of each H ⊂ S3 under the conjugation action.

E. Let K be a subfield of C. Let L be the splitting field of xn − 1 over K.

(1) Show that L = K(e2πi/n).
(2) Show that if φ ∈ Gal(L/K), then φ = φa where φa(e2πi/n) = e2aπi/n, for some a ∈ Z/nZ.
(3) Show that Gal(L/K) is abelian.

F. Let f(x) = xp − a ∈ Q[x] be an irreducible polynomial (with p prime) and let L be its splitting field.

(1) Show that Q ⊂ Kp ⊂ L where Kp is the splitting field of xp − 1 over Q.
(2) Compute [L : Q].
(3) Show that Gal(L/Q) contains a normal subgroup H of index p− 1.
(4) Prove that |H| = p. [Hint: It may be easier to use some field theory and the Galois correspondence

than to work out the elements of H explicitly.]

G. Bonus, for fun: Compute the orders of the rotational symmetry groups of the remaining four platonic solids
(cube, octahedron, dodecahedron, icosahedron), as in (C). Compute the order of the rotational symmetry group
of a soccer ball. Compute the order of the rotational symmetry group of a sulfur hexafluoride molecule. What
about a Dodecaborane molecule? (There are nice pictures of these molecules on their respective wikipedia
pages.)
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