
Algebra 2: Harjoitukset 9. Due November 16

A. Let G be a group and let X be a set. Let x ∈ X. Prove that x ∈ X is fixed by G if and only if x is fixed by
a set of generators for G. Is the orbit of x the same as {g · x | g ∈ S} where S is a set of generators of G? Give
a proof or specific counterexample.

B. Let An be the group of even permutations, namely permutations that are a composition of an even number
of transpositions. Prove that An is the subgroup of Sn generated by all the three-cycles.

C. Consider the group Sn. Consider the conjugation map

Sn × Sn → Sn (σ, x) 7→ σ ◦ x ◦ σ−1.

(1) Show that this defines an action of Sn on itself.
(2) Show that if τ = (ij) is a transposition in Sn, then τ acts on σ ∈ Sn by swapping the roles of i and j.
(3) Show that two elements of Sn are in the same orbit if and only if they have the same cycle type. The

cycle type of σ ∈ Sn is defined as follows: write σ as a product σ1 ◦ σ2 ◦ · · · ◦ σk of disjoint cycles of
lengths say, d1, . . . , dk. The cycle type of σ is the (unordered) list of these cycle lengths. [For example,
(12)(456) has cycle type {2, 3}. The cycle type of (12)(234), however, is {4}, because expressed as a
product of disjoint cycles, (12)(234) = (1234). ]

(4) Show that the order of an element σ is the least common multiple of the numbers making up its cycle
type.

(5) What is the stabilizer of a transposition (12)?
(6) Compute the total number of transpositions in Sn in two different ways, one of which uses the orbit-

stabilizer theorem.

D. Let p be prime. Show that Sp is generated by {σ, τ} where σ is any p-cycle and τ is any transposition. [Hint:
reduce to the case τ = (12) and σ = (12 · · · p) and try conjugation τ by σ.]

E.
Let G be the icosahedral group: the (rotational) symmetry group of the regular
icosahedron, a regular solid X with 20 faces consisting of equilateral triangles, 12
vertices and 30 edges. See also https://www.learner.org/interactives/geometry/platonic.html

Compute the order of G.

F. Consider a polynomial f(x) ∈ Q[x] of degree seven. Recall that its Galois group G (over Q) can be interpreted
as a subgroup of the permutation group S7 of its roots.

(1) Show that if f is not irreducible, then G is a proper subgroup of S7.
(2) Show that if f is irreducible, then G has an order 7 element. [You may assume the Fundamental

Theorem of Galois Theory.]
(3) Show that if f is irreducible with exactly five real roots and two non-real roots, then f has has Galois

group isomorphic to S7.
(4) Find an explicit polynomial of degree 7 over Q whose Galois group is isomorphic to S7. Can its roots

be expressed in radicals over Q?
(5) Find an explicit polynomial irreducible and degree seven over Q whose roots are expressible in radicals.

What is its Galois group?

G. Let N ⊂ G be a normal subgroup of a group G. Show that G is solvable if and only if both G/N and N
are solvable. [Hint: You will need to use Noether’s Isomorphism Theorems. If you need a reminder, these are
correctly stated on wikipedia.]
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