
Algebra 2: Pistokoe 4

TRUE OR FALSE: Briefly explain. You may use facts proved in the homework or lecture.

1. Given constructible square S in the Euclidean plane, it is possible to construct (with straightedge and
compass) a square S′ whose area is five times the area of S.

TRUE. Suppose the side of S is x, so the area of S is x2. We need only construct a segment of side x
√

5.
Since both x and

√
5 are constructible, so is their product. So we can construct a segment of length x

√
5 and

build on it (by constructing the appropriate perpendicular and parallel lines) a square whose sides are all x
√

5.
The area of this square will be 5x2.

2. An angle of measure 2π
9 is constructible (using only straightedge and compass).

False. In lecture, we showed that angles can be bisected (using only straightedge and compass). We also
showed that an angle of measure π

9 is not constructible. So nor can twice π
9 be constructed (for if so, we could

bisect it to construct an angle of measure π
9 ).

3. Regular polygons with 2n edges are constructible for all n ≥ 2.

TRUE. Squares are constructible; this is the case n = 2. We proved in the homework that if a regular
polygon with d sides can be constructed, then so can a regular polygon with 2d sides. By induction, a polygon
with 2n sides can be constructed for any n ≥ 2.

4. Let γ be a real root of the polynomial x5 − 2x3. Then γ is constructible.

TRUE. The polynomial factors as x3(x2 − 3). Thus γ is either 0,
√

3 or −
√

3. All these real numbers are
constructible, since K contains all (real) square roots.

5. Let β be a real root of the polynomial 4x5 + 3x3 − 21x+ 30. Then β is constructible.

False. This polynomial is irreducible over Q, using Eisenstein’s criterion with p = 3 (and Gauss’s lemma).
So the extension Q ↪→ Q(β) is degree 5. Thus Q(β) can NOT be contained in K by the main theorem on
constructible numbers, which tells us that every finitely generated subfield of K has degree over Q equal to 2N

for some N . Five is not a power of two.
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