
Algebra 2: Pistokoe 8

True or False: Explain. You may assume the Fundamental Theorem of Galois theory.

1. Definition: A group G acts transitively on a set X if there is only one orbit—that is, for every x, y ∈ X, we
can find g ∈ G such that g · x = y.

True or False: There is a set of cardinality 13 on which the group S4 acts transitively.

False! In the homework, we proved the orbit-stabilizer theorem: If G acts on a set X, then for any x ∈ X,
we have |orbit(x)| · |Stab(x)| = |G|. In particular, the cardinality of any orbit divides the order of the group. If
S4 acts transitively on X, then the orbit of any point has order |X| = 13. Note S4 has cardinality 24, but 13
does not divide 24.

2. The Galois group of x16 − 1 over Q is abelian.

True! We proved in the homework that Q(e2πi/n) is abelian for any n, including n = 16.

3. The Galois group of x11 − 2 over Q has a non-trivial proper normal subgroup.

True! There is a proper extension Q ⊂ K11 = Q(e2πi/11) ⊂ L where L = Q(e2πi/11, 11
√

2) is the splitting field
of x11 − 2. Since K11 is the splitting field of x11 − 1, it is a normal extension. By the Fundamental theorem of
Galois theory, the Galois group G(L/K11) is a normal proper non-trivial subgroup of Gal(L/Q).

4. There is a normal field extension of Q of degree 17 whose Galois group is S17.

False. If Q ⊂ L is a normal field extension with Galois group S17, by the Fundamental Theorem, [L : Q] =
|S17| = 17!, not 17.

5. There is a polynomial in Q[x] of degree 6 whose Galois group contains an element of order 7.

False. The Galois group of a degree six polynomial must be (isomorphic to) a subgroup of S6. There are no
order 7 elements in S6, since 7 does not divide 6!.
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