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2 David J. Bruce

1. First PRINCIPLES

1.1 INTRODUCTORY REMARKS

What is algebraic geometry? A short answer to this question is that algebraic geometry is the study of
algebraic varieties. Of course this begs the question: What is an algebraic variety?

Roughly speaking an algebraic variety is a geometric object modeled on zero sets of polynomials. By geo-
metric object we mean that it is a topological space with some additional structure. A few examples of
geometric objects are:

e smooth manifolds whose additional structure is a differentiable structure-the ability to differenti-
ate functions and talk about tangent spaces.

e complex manifolds whose additional structure is a holomorphic structure,
e Riemannian manifolds whose additional structure is a Riemann metric

As a slight foreshadowing of things to come, we note that these first two objects can be described succinctly
as a topological space with a sheaf of rings of functions on that space. A sheaf R of rings of functions on
a topological space X is simply a way to assign to each open set U some natural class of functions R(U).
The set R(U) should form a ring (under the usual function pointwise addition and multiplication), and the
restriction of a function in R(U) to a smaller open set V should be in R(V). One additional axiom—the
sheaf axiom— is imposed to ensure that are functions are defined by “local properties”. Without getting
formal, we look at a few examples:

Example 1.1.1. If X is a topological space then the continuous functions (say, to R) form a sheaf of rings
CY. For every open subset U C X, the set of continuous real valued functions on U, denoted C%(U), forms
a ring under pointwise addition and multiplication of functions. The restriction of a continuous function
to a smaller open set is also continuous. Finally, the sheaf axiom in this case says that a function U — R is
continuous if and only if if it continuous in a neighborhood of each point of U. The sheaf C} captures a lot
of the geometry of a topological space. In fact, if X is a mildly nice space, say compact and Hausdorff, then
entire space and its topology is determined solely by CI(I){(X)!

Example 1.1.2. If X is not just a topological space, but is also a smooth manifold then there is a sheaf of
rings of smooth R-valued functions on X. If U C X is an open subset, then the set of smooth R-valued
functions on U denoted CY(U) has a natural ring structure, and restriction provided a natural ring homo-
morphism C3(U) — CY (V) whenever V C U are open sets. Again, the sheaf axiom is satisfied because a
function U — R is smooth if and only if it is smooth in a neighborhood of each point in U. Of course, in
this above example we could replace smooth with k-times continuously differentiable function.

Example 1.1.3. Let A be the sheaf of analytic functions on C (or any complex manifold), assigning to each
open set U the ring of analytic functions A(U) on U. Again, restriction to a smaller set will also be analytic,
so we have natural ring homomorphism A(U) — A(V), and the sheaf axiom is satisfied since analyticity
can be checked locally in a neighborhood of each point.

In a similar way, we will soon understand an algebraic variety (over, say, the field k) to be a topological
space X with sheaf of rings of functions (to k) on it, denoted Oy, called the sheaf of regular functions.
However, unlike the case of smooth manifolds, where the local picture is always just an open set in R"”, an
algebraic variety can have considerably variable and interesting local structure. So we will spend a good
deal of time understanding first the local picture of an algebraic variety.

1.2 ALGEBRAIC SETS

We need to formalize and understand what “modeled on zero sets of polynomials” actually means. The
local picture of an algebraic variety will be an algebraic set:

Definition 1.2.1. Fix a ground field k. An algebraic set is the common zero set in k" of a collection of

polynomials {f}} e in k[x1,...,x,].
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Stated another way, an algebraic set is a subset of k" of the form:

V({fihaea) = (@, a,) €K" | falar, .., a,) = 0, VA € A} C K

where {f}}1ea is some subset of polynomials in k[xy,...,x,]. Note that in the definition, this set of polyno-
mials need not be finite or even countable for that matter.

Example 1.2.1. Many of the graphs of functions common to us from high school algebra are in fact algebraic
sets. For example, the unit circle is given by the algebraic set V(x? + y? — 1) (see Figure 1). The hyperbola
y = 1/x is also an algebraic set since it is given by V(xy — 1) (see Figure 2). Below we depict what these
algebraic sets look like if we take out ground field to be the real numbers. In general we would prefer
to work over an algebraically closed field, and so it is more common for us to be thinking about these as
algebraic sets in C2. However, picturing C? or C? is quite difficult so we want to visualizing algebraic sets
we will almost always draw our pictures over R.

FiGure 1. V(x2+p? -1

Many familiar three dimensional surfaces are also algebraic sets. For example, the ‘unit’ cone along the
z-axis is given by the algebraic set V(x? + y® — z2) (see Figure 3). Notice at the origin this algebraic set is
not a smooth manifold since it is singular. This is our first example of showing how the local properties of
algebraic sets can be quite interesting!

3
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(x,1/x)

FIGURE 2. V(xy - 1) C R?

FiGure 3. V(x? +p%-2%) CR3
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While the above three examples are all somewhat different they are all a special type of algebraic set since
they are generated by one polynomial equation.

Definition 1.2.2. A hypersurface in k" is a (proper, non-empty) algebraic set which can be defined by one
polynomial.

Of course not all algebraic set are hypersurfaces. For example, the algebraic set V(xz, yz) is not a hypersur-
face.

A
N
N

Ficure 4. V(xz,yz) C R3

From the above illustration it is clear that V(xz,yz) consists of the xy-plane and the z-axis. This makes
sense since xz and yz are both zero when either x =y = 0 or z = 0. Therefore, this algebraic set is composed
of two ‘components’ and V(xz,yz) = V(x,y) U V(z).

Note just because an algebraic set is presented as the zero set of multiple polynomials does not necessarily
mean it is not a hypersurface. Consider for example the algebraic set V({(y — x?)17+),cn). Although this
algebraic set is presented by infinitely many polynomials all polynomials of the form (y — x?)!”*! vanish
precisely when y = x2. So in fact this algebraic set is a hypersurface since it is the same as V(y — x?).

1.3 SomEe ALGEBRAIC REMARKS

As noted above in our definition of algebraic sets the collection of polynomials in question need not be
finite or even countable. However, we have also seen in a few examples that certain algebraic sets defined
by infinite collections of polynomials can also be defined by finite collections of polynomials. Amazingly
it turns out that this is always case!

Theorem 1.3.1 (Hilbert’s Basis Theorem I). Any algebraic set in k" can always be defined by finitely many
polynomials.

In fact if V({f)}1ea) is an algebraic set and A is an infinite set then their exists a finite subset £ C A such
that:

V({falrea) = V({falrex)-

In order to prove Hilbert’s Basis Theorem we need the following lemma:
Lemma 1.3.1. If S C k[xy,...,x,] is any set of polynomials and (S) is the ideal generated by S then:
V(S)=V({S)) ck"
5
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Proof. By definition the ideal generated by S clearly contains S itself. Therefore if every element of (S)
vanishes at a point p € k" then every element of S also vanishes at p. So we know we have the following
inclusion

Working towards the other inclusion suppose p € V(S). In order to show that p € V({S)) we need to show
that if f € (S) then f(p) = 0. However, every element of (S) is a linear combination of S. So if f € (S) then

we have that
f(p)=) Agsp)
ges

So since everything in S vanishes at p so does f and hence V(S) = V({(S))). ]
With this lemma in hand we can now prove Hilbert’s Basis Theorem.

Proof of Hilbert’s Basis Theorem. Let S be a subset of k[x1,x5,...,x,] and {(S)) be the ideal generated by S. By
our above lemma we know
V(S§)=V($))
Since k[x1,x,,...,x,] is a Noetherian ring every ideal is finitely generated. In particular the ideal ((S)) is
finitely generated meaning there exists a finite subset I C (S) such that (I) = (S). Applying the above
lemma one final time gives us
V(S)=V((S)) = V(D) =V(I)
completing the proof. O

Of course the above theorem relies upon the following facts from commutative algebra which we shall
assume are know to the reader or which the reader may blackbox and assume on faith.

ALGEBRA BLACKBOX:

Definition 1.3.1. A ring A satisfies the ascending chain condition (ACC) if and only if given any ascending
chain of ideals
IpCI; €+ CI Cliyy Cov

there exists and N € IN such that I,, = Iy for all n > N.
Proposition 1.3.1. A ring is Noetherian if and only if every ideal is finitely generated.

Theorem 1.3.2 (Hilbert’s Basis Theorem II). A is a Noetherian commutative ring then A[x] is also Noetherian.

A nice useful corollary of Hilbert’s Basis Theorem is that every algebraic set is actually the intersection of
finitely many hypersurfaces

Corollary 1.3.1. Every (proper, non-empty) algebraic set in k" is the intersection of finitely many hypersurfaces.

Proof. By Hilbert’s Basis Theorem we know that if V is an algebraic subset of k" then V = V(fi,..., fx).
However, by definition:

V=V(fi,... i) = V()N V() NNV (f).

1.4 Tue Zariski ToroLoGY

Previously we said that algebraic sets should be geometric objects in that they show be topological spaces
together with some additional structure. Now that we understand algebraic sets as sets we figure out how
to put a topology, or topologize, an algebraic set.

Of course if our ground field where C or R then we endow an algebraic set with the subspace Euclidean

topology. Recall that if X is a topological space with topology 7 and U is a subset of X then the open sets

in the subspace topology on U are of the form U NS where S € 7. However, the topology induced by the
6
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standard Euclidean topology on R or C is not really the topology we wish to work with. Additionally since
we are interested in working over arbitrary fields the Eulclidean topology is not always available to us.
Luckily using what we have so far done we can topologize k" by having the algebraic sets be the closed sets
in our topology.

Proposition 1.4.1. The collection of algebraic sets Z in k" form the closed sets for a topology in k" called the
Zariski topology.

Proof. In order to check that this does in fact define a topology we must check that the following four
axioms of a topology hold:

1
2
3

k™ is closed.
o is closed.

(1)
(2)
(3) Zis closed under finite union.

(4) Z is closed under arbitrary intersection.

Axioms (1) and (2) are easy to check First, since the constant polynomial with value zero is zero on all of k"
we have that V(0) = k”. Similarly, any non-zero constant polynomial vanishes nowhere meaning V(c) = o
for any ¢ € k\ {0}. Thus, both the empty set and all of k" are closed.

Checking the fourth axiom is not much harder. In particular if {S,})ca is an collection of subset of
k[xy,...,x,] then

ﬂv(sA) ={pek":peV(S,), VAeA).

AeA
However, expanding the chasing through what it means for a point p to be in V(S,) we find that

ﬂW(SA) :W[US,\].
AeA AeA

Meaning that Z is closed under arbitrary intersection.

So we are left to verify the axiom (3) above. Towards this let V({f};c;) and V({g;};; be two algebraic sets.
Now clearly V({figj}(i jjerxs) is also an algebraic closed set. Further, since f;g; vanishes at a point p if and
only if either f;(p) = 0 or g;(p) = 0 we have that

V({figjkijerx) = V({fitier) Y V({gj}jes-

Thus, the union of two algebraic sets is itself an algebraic set, and so by induction Z is closed under finite
union. O

Let us familiarize ourselves with the Zariski topology by considering the following questions:
(1) On R" how does the Zariski topology compare to the Euclidean topology?
(2) Is the Zariski topology in k" Hausdorff?

Example 1.4.1. If k is an infinite field, for example C or R, then closed sets in Zariski topology on k are the
algebraic sets. However, a polynomial in k[x] has only finitely many roots, and so any algebraic set in k can
contain only finitely many roots. For example, if k = IR this means that Z or Q are not Zariski closed subset.
So the Zariski closed sets in k are precisely finite subsets of k; meaning the Zariski topology on k is just the
confine topology!

On the other hand if k is a finite field then any subset S of k is also finite. Therefore, by letting
f =] Jx-s9
s€S

we see that S is an algebraic subset of k. Hence every subset of k is closed meaning the topology on k is just
the discrete topology!
7
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Now that we have some understanding of what the Zariski topology looks like on k let us consider how it
compares to other topologies, namely the Euclidean topology on IR”. If V is a closed subset of IR” in the
Zariski topology then by Corrollary 1.3.1:

V=V(fi)nV(f2)N---NV(fi).

However, the zero set of a f; is precisely fi_1 ({0}). Since polynomials are continuous in the Euclidean topol-
ogy this means V(f;) is closed and hence V is closed. So any Zariski closed set is always closed in the
Euclidean topology. Of course the converse of this statement is not true as clearly there are sets closed in
the Euclidean topology, which are not the vanishing set of a collection of polynomials. Thus, the Zariski
topology is much coarser than the Euclidean topology in the sense that it has a lot fewer closed sets. It turns
out the Zariski topology in general the Zariski topology on k" has very few closed sets. In fact, under the
Zariski topology k" is what is called a Noetherian space.

Definition 1.4.1. A topological space X is Noetherian Space if and only if for every chain of closed subsets
U13U23U3D"'
there exists and N € IN such that U,, = Uy for n > N.

Right now we shall not prove the k" with the Zariski topology is in fact Noetherian, however, we it will
become obvious once we prove one big theorem. Not only does the Zariski topology have few open sets,
but the case when k is infinite the open sets are massive. In fact not only is the Zariski topology not
Hausdorff , but any two open sets have nonempty intersection. Note to show this it is in fact equivalent
to show that the union of two proper closed subsets cannot be all of k". To see this notice by our above
work it suffices to consider the union of two proper hypersurfaces V(f) and V(g). By Proposition ?? we
know that V(f)UV(g) is equal to V(fg), which is only k" if fg = 0. However, since both V(f) and V(g) are
proper closed subsets neither f nor g is the zero polynomial and hence f g is also not the zero polynomial.
Therefore, the intersection of proper Zariski closed subsets of k" cannot itself be k”. So if k is infinite the
Zariski topology is not Hausdorff!

2. BuiLpiNG OUR ALGEBRA-GEOMETRY DICTIONARY

In many ways the main idea underlying algebraic geometry is the notion that the geometry of algebraic
sets can be captured and described algebraically. In this way we might hope that difficult geometric ques-
tions may be translated into more tractable algebraic questions. However, before we can begin translating
we must first build a dictionary that allows us to move between the world of geometry and the world of
algebra.

2.1 FuncTioNs vs. EXPRESSIONS

Before we begin building up our dictionary let us take a few minutes to review a notions, which although
basic is often confusion and will be fundamental later on. In particular, we need to understand the differ-
ence between polynomials expressions and polynomial functions.

Towards this let us begin very generally by considering a the set of all functions from S to k where S is set
and k is a field. Note there are many ways to denote this set, but we will most often use either Fs_,; or
Homg,(S, k). This set Homge(S, k) actually has a natural ring structure where addition and multiplication
are given by
(f+8x)=f(x)+g(x) and  (f-g)x)=f(x)f(Q)

Further, notice if ¢ € k we can define a function f : S —k by f(s) = ¢ for all s € S. It is easy to check that this
set of constant functions on k forms a subring of F5_,;. Thus, the set of k-valued functions on S is not only
aring, but also a k-algebra.

If we take S = k" where k is a field then Homg(k", k) is the ring of all functions from k" to k. Within this

ring there is the subring of polynomial functions on k", but exactly are the polynomial functions on k"?

While we often think about elements of k[xy,...,x,] as polynomial functions they are in fact formally not
8
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functions. Formally elements of k[x,...,x,] are just formal sums of monomials in xq,...,x,, which we call
polynomial expressions. Of course there is a ring homomorphism:

k[xi,...,x,] ———— Hom(k", k)

f:k"—k
[X'—’f(X)]

In general if k is not finite this map will not be surjective, however, it will be injective. On the other hand
if k is finite then this map is in fact surjective, since any function on k takes on finitely many values and
hence can be interpolated by a polynomial. However, when k is finite we also know that this map cannot
be injective since by Fermat’s Little Theorem xP = x. We call the image of this map the ring of polynomial
functions, and denote it by k[k"]. For reasons that will become apparent shortly it is important to realize
that polynomial functions need not themselves be polynomial expressions, but instead just in the image of
this map.

2.2 CoorbDINATE RINGS

Now that we understand what the k-algebra of polynomial functions on k" are we want to generalize this
to understand polynomial functions on any algebraic set. This highlights what in many ways is a major
theme of modern mathematics. Namely the set morphisms on a space often capture many properties of the
space. So if we want to study spaces we really ought to study the set of functions on them. For example, if
X is a topological space then many properties of X can be captured by studying the set of maps S! — X —
in fact this basic notion behind the fundamental group of X.

Definition 2.2.1. The coordinate ring of an algebraic set V C k" denoted k[ V'] is the ring of all polynomial
functions on V.

Put another way, the coordinate ring of an algebraic set V is the set:

K[V]={f € Homsey(V, k)| 3g € k[x1,-... %, 8 = f1, ]
Note it is often tempting to think of the coordinate ring consists solely of polynomial expression, however,
this is not the case. One must be careful to remember that polynomial functions need not be given by
polynomial expressions. For example, if we take V to be V(x? —p) in IR? then even though f(x,v) = e —
e¥ + xy is not a polynomial expression it is contained in R[x,y]. In particular, if x> —y = 0 then

2 2 2
fx,y)=e" —e +xp=e" —e* +x° =x°

so f(x,y)is in fact a polynomial function on V.

While the coordinate ring of an algebraic set contains functions, which are not polynomial expressions
there is a natural surjective ring homomorphism:

k[x1,...,x,]— k[V]
fr=al,
By the first isomorphism theorem this means that k[V] is isomorphic to k[xy,...,x, ] modulo the kernel of
this map, which we shall denote I(V). However, a polynomial f is in the kernel of this map if and only if

f restriction to V is equivalently zero. So I(V) is precisely the ideal of polynomials in k[xy,...,x,], which
vanish on V i.e.

(V) ={f € klx1,...,x,]1 fl, = 0}

This ideal and indeed the coordinate ring of an algebraic set turn out to have quite special algebraic prop-
erties. However, before we discuss these we must recall a few notions from basic commutative algebra the
exact details of which we shall blackbox:

9
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ALGEBRA BrLAckBOX:

Definition 2.2.2. If I is an ideal in a commutative ring R then the radical of I denoted by either VI or
Rad(I) is
VI := {r € R|r" € Ifor some 1 > 0}.

Proposition 2.2.1. The radical ideal of an ideal I C R is itself and ideal of R.

Definition 2.2.3. An ideal I in a commutative ring R is radical if and only if I = VI.

Definition 2.2.4. A commutative ring R is reduced if and only if there are no nonzero nilpotent elements.
Proposition 2.2.2. A commutative is reduced if and only if the zero ideal is radical.

Proposition 2.2.3. The quotient ring R/I is reduced if and only if I a radical ideal.

Having reviewed these concepts we can now state the first important property of I(V).

Proposition 2.2.4. If V is an algebraic set in k™ then the ideal I(V) is radical in k[xq,...,x,].

Proof. Clearly, the radical of I(V) contains I(V) and so to show that I(V) is radical we are left to show the
other inclusion. Towards this let f € Rad(I(V)) meaning that there exists n € IN such that f” is in I(V). If
f™isin I(V) then f" vanishes on V, and since Cl[xy,...,x,] is reduced this implies that f must be zero on
V. Therefore, f itself is in I(V') and so I(V) is radical. |

Now that we know I(V) is a radical ideal it follows from Proposition 2.2.3 that k[V] is reduced. Addi-
tionally, k[V] clearly contains a copy of k as a subring since the only constant function in I(V) is the zero
function. Therefore, we see that to every algebraic set we can associated a finitely generated, reduced,
k-algebra we call its coordinate ring.

2.3 HiLBERT’S NULLSTELLENSATZ

Let us take a brief moment to review what we have so far accomplished. Given an ideal I in k[xy,...,x,] we
have an associated subset of k", the algebraic subset V(I). Put another way we have a map:

Ideals in v Algebraic Subsets
AANAANAANAANAANAS .
k[x1,...,%,] in k"

given by sending and ideal I to V(I). Additionally we have shown that given an algebraic set V in k" we
can construct an ideal I(V) by considering the kernel of the restriction from k[xy,...,x,] to the coordinate
ring k[V]. Stated differently this means we have a map:

Ideals in I Algebraic Subsets
Ad00te0atesaes .
k[x1,...,%,] in k"

given by sending an algebraic set V to I(V). As with V above this is map is also order reversing. Namely
if V.c W are algebraic sets in k" then since element of I(W) vanishes W it also vanishes on V meaning
(V) c(W).

This leads one to the natural question: Are V and I inverses? However, before we answer this question we

should first check whether I and V as defined above are even bijective. Recall from Proposition 2.2.4 that

if V is an algebraic set then I(V) is a radical ideal. Further, regardless of the ground field the ideal (x?)
10
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is always not radical in k[xq,...,x,]. Thus, clearly I is not a bijection between the algebraic sets in k" and
ideals in k[xy,...,x,] since its image is solely radical ideals in k[xy,...,x,].

In light of this we might wonder whether I and V are inverse if we restrict our attention from all ideals in
k[xy,...,x,] to only radical ideals in k[xy,...,x,]?

Ideals in v Algebraic Subsets
Sy
{k[xl,...,xn]} W{ in k" }
¥ v
I

{ Radical Ideals}

in k[xq,...,%,]

With this new setup it seems at least plausible that I and V are mutually inverse bijections. In fact, if V
is an algebraic subset of k" then V(I(V)) = V. To see this note that by definition (V) is the ideal of all
functions vanishing on V, and so clearly V is contained in V(I(V)). On the other hand suppose V = V(I)
for some ideal I. Since every element of I vanishes on V we have that I ¢ I(V), and so applying the fact
that V is order reversing we can conclude that V(I(V)) c V(I) = V and so V(I(V)) = V.

Additionally, suppose I is any ideal in k[x1,...,x,], not necessarily radical. Since every element of I van-
ishes on V(I), and I(V(I)) consists of every polynomial vanishing on V(I) it is the case that I c I(V(I)).
In summary in working towards proving that V and I are mutually inverse bijections between algebraic
subsets of k" and the radical ideals in k[x,...,x,] we have shown:

Lemma 2.3.1. Fix a field k, not necessarily algebraically closed. Let W and V be algebraic sets in k" such that
W cVandI C]J beany ideals in k[xy,...,x,] then

V(V)c V(W) and I(J) c I(I).
i.e. V and 1 are order reversing maps.

Lemma 2.3.2. Fix a field k, not necessarily algebraically closed. Let V be an algebraic set in k™ and I be any ideal
in k[xy,...,x,], not necessarily radical, then

VI(V)=V  and  IcI(V(I)).

Therefore, to show that I and V are in fact mutually inverse bijections we are left only to show that I(V(I)) C
I. Sadly it turns out that this is not always true even if I is a radical ideal.

Example 2.3.1. For example, let us look at the principle ideal (x?+y?) in R[x,y]. Since x? +y? is irreducible
over R this ideal is in fact a prime ideal, and hence is also radical. Further since x? and y? are both always
positive over R we know that V(x? +p?) = {(0,0)}. However, clearly the ideal (x,y) also vanishes on {(0,0)},
and so since (x,p) is a maximal ideal this means the I(V(x? + yz)) =(x,7). So

Looking closely at the above example it seems the reason that this example worked out as it did is because
x% +y? is irreducible over R. Namely if in the above example we change R to C then x? + y? is not a radical
ideal. It turns out that this is in essence the only problem stoping I and V from being mutual inverse. In
particular if k is an algebraically closed field then a deep result due to Hilbert says that T(V(I)) = VI for
any ideal I. Utilizing this result precisely gives us the result we desired, which is one of the many versions
of Hilbert’s Nullstellensatz

Theorem 2.3.1 (Hilbert’s Nullstellensatz I). If k is an algebraically closed field then the mappings I and V
11
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Radical Ideals UUUUI AUUUON Algebraic Subsets
ink[xy,...,x,] | ST in k"

are mutually inverse order reversing bijections.

We shall not take the time to prove the remaining details of Hilbert’s Nullstellensatz, but instead shall
blackbox. Those interested in the proof should consult pages 42-44 of [2] or Section 4.5 of [1]. Note
however that the requirement that k be algebraically closed is absolutely necessary. If k is not algebraically
closed then there exists a polynomial f € k[x], which does not have a root in k. Taking f to be irreducible
we know the principle ideal it generates is prime and hence radical. Further since f has no roots in k it is
the case that V(f) = @, however, I(g) = (1) and so the correspondence does not work.

12
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