
Math 412. Cayley’s Theorem
Professors Jack Jeffries and Karen E. Smith

CAYLEY’S THEOREM: Every finite group G is isomorphic to a subgroup of the symmetric group Sn for
some n.

TERMINOLOGY: If a group G is isomorphic to a subgroup of a group H , we say G embeds in H . In
this case there is an embedding (another word for injective homomorphism) G ↪→ H which identifies G
with its image in H . So Cayley’s theorem says that every finite group embeds in a symmetric group.

A. WARM UP.
(1) Explain how to see Zn as a subgroup of Sn.
(2) Explain how Zd × Ze embeds in Sn, where n = d+ e.
(3) I claim that Sn has many subgroups but few quotient groups. What do I mean?

B. Fix a group G. Show that G acts on itself by left multiplication. Describe the orbits and stabilizers of
this action.

C. THE PROOF OF CAYLEY’S THEOREM

(1) Suppose a group G acts on a set X . Explain how each element of G gives rise to a bijection
X

g−→ X . If X has n elements, explain how this gives rise to a mapping

G→ Sn.
What did you prove on Problem Set 9 about this mapping?

(2) Use B and (1) to prove Cayley’s theorem.
(3) Your proof of Cayley’s theorem actually proves a stronger statement than the above, in which the

size of the needed symmetric group is predicted. State this stronger theorem.

D. The proof of Cayley’s Theorem shows that if G has n elements, then G is isomorphic to a subgroup
of Sn.

(1) Explain why G can be viewed as a subgroup of Sm for all m ≥ |G|.
(2) Show that the group Zp embeds in Sn if and only if n ≥ p, so that this result is sharp in general.
(3) For the group G = D4, however, show that G embeds in a much smaller symmetric group (namely

S4).
(4) Show that if G acts faithfully on a set of d elements, then G embeds in Sd. [Recall that a faithful

action is one satisfying the following: for each non-identity g ∈ G, there is an x ∈ X such that
g · x 6= x. ]

(5) What is the smallest symmetric group in which the dihedral group Dn embeds?


