
Math 412. Chapter 7: Classification of Small Groups
Professors Jack Jeffries and Karen E. Smith

DEFINITION: A group homomorphism is a map G
φ−→ H such that φ(g1 ◦ g2) = φ(g1) ◦ φ(g2)

for all g1, g2 ∈ G.

DEFINITION: A group isomorphism is a bijective group homomorphism. Two groups are iso-
morphic if there exists an isomorphism between them; in this case, we also say that the groups are
“the same up to isomorphism.”

A. Warm-up. Prove that under a group homomorphism G
φ−→ H

(1) φ(eG) = eH .
(2) φ(g−1) = (φ(g))−1 for all g ∈ G.

B. Classification of Groups of order 2
(1) Prove that any two groups of order 2 are isomorphic.
(2) Give three natural examples of groups of order 2: one that uses additive notation, one that

uses multiplicative notation, one that uses composition.

C. Classification of Groups of order 3:
(1) Prove the “Sudoku” property of a group table: In any group operation table, each element

of G appears in each row exactly once. Ditto for each column.
(2) Suppose that G is a group with three elements {e, a, b}. Construct the group operation

table for G.
(3) Explain why any two groups of order three are isomorphic.
(4) Give two natural examples of groups of order 3, one using additive notation and one using

compositional notation. Describe an isomorphism between them.

D. Classification of Groups of order 4: Suppose we have an arbitrary groupGwith four elements
a, b, c, e.

(1) Prove that, in any group of order 4, there must be two non-identity elements whose com-
position is not the identity element.1 Therefore, after renaming if needed, we can assume
that in our arbitrary group with four elements, without loss of generality ab = c in G.

(2) Make a table for the group G, filling in only as much information as you know for sure.
There should be several blanks.

(3) There should be two possible ways to fill in the a2 in your table. Draw two tables, trying
each. Do both give valid groups?

(4) Explain why, up to isomorphism, there are exactly two groups of order 4. What are these
groups? What are good examples of each using additive notation? What are good examples
among symmetry groups?

E. Classification of Cyclic Groups
(1) Prove that any two cyclic groups of order n are isomorphic.
(2) Prove that any group of prime order p is cyclic.2

(3) Prove that, up to isomorphism, there is only one group of order 5. Give two examples, each
natural but with different operations.

1If you are stuck, try writing out what it means that the statement is false. Now get a contradiction.
2Don’t forget Lagrange’s theorem and its corollary.
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F. Classification of Groups.
(1) Classify the groups G of order less than or equal to 5. That is, write out a list of groups

such that every group of order n ≤ 5 is isomorphic to exactly one group on your list.
(2) Find two non-isomorphic groups of order six. What is the smallest non-abelian group?

BONUS: Can you show that every group of order six is isomorphic to one of your two in F (2)?


