
Math 412. §6.1 Worksheet on Ideal Congruence.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: An ideal of a ring R is a non-empty subset I satisfying1

(1) If x1, x2 ∈ I , then x1 + x2 ∈ I;
(2) If x ∈ I and r ∈ R, then rx ∈ I and xr ∈ I .

DEFINITION: Let I be an ideal of a ring R. We say that x, y ∈ R are congruent modulo I
if x − y ∈ I . We write x ≡ y mod I for “x is congrent to y mod I .” If I = (d) is a principal
ideal of R, we also say “x and y are congruent modulo d.”

The congruence class of y modulo I is the set

[y]I := {x ∈ R |x− y ∈ I}.

A. Congruence in Z.
(1) Let I ⊂ Z be the ideal generated by {15, 25}. Is 1 ≡ 6 modulo I?
(2) Find d ∈ Z such that I = (d.)
(3) With I as in (1), prove that integers m and n are congruent modulo I if and only if

[m]5 = [n]5.
(4) Let J ⊂ Z be the ideal generated by {345672, 5273}. How many congruence classes are

there modulo J?
(5) Discuss with your group the connection between “congruence mod I” where I is an

ideal in the ring of integers and “congruence mod d” in the sense of Chapter 2.

B. CONGRUENCE IN F[x]. Let F be a field. Let I ⊂ F[x] be an ideal.
(1) Suppose that I is the ideal of polynomials with zero constant term. Is 1 ≡ x3 + x2 + 1

mod I?
(2) With I as in (1), find a polynomial d such that I = (d).
(3) With I as in (1), write out in formal set notation, the equivalence class of 1 modulo I .
(4) Let J ⊂ F[x] be the ideal generated by {x4(x− 1)6(x2 + 2)2, (x− 1)2(x2 + 2)3}. Find

d ∈ F[x] such that (d) = J .
(5) Find three distinct polynomials in the class [x2]J .
(6) With J as in (4), write out the congruence class modulo J containing the polynomial x2

in precise set notation.
(7) Discuss with your group the connection between “congruence mod n” where n is an

integer and “congruence mod d” where d is a polynomial in F[x].

C. THEOREM: Let F be a field. Let d ∈ F[x] be any polynomial. Then every polynomial
f ∈ F[x] is congruent modulo (d) to exactly one polynomial of degree2 less than deg d.

(1) Use the division algorithm to find a representative of degree less than two of the con-
gruence class x3 + 1 modulo (d), where d = x2 + 1.

(2) Show that there is a bijection between the set of equivalence classes of R[x] modulo
(x2 + 1) and the polynomials of the form ax+ b in R[x]. Discuss with your group how
this is analogous to the idea of “canonical representative for Zn.”

(3) Use the division algorithm to prove Theorem C.
1CAUTION: When reading the text, you will see an ideal defined as a certain kind of “subring”. DO NOT USE

THIS DEFINITION! Remember that for us, a subring always contains 1, because all rings contain 1. But most ideals
do not contain 1.

2Here, we make the convention that the degree of the zero polynomial is smaller than every natural number.



D. For any ideal I in a ring R, write R/I for the set of equivalence classes modulo I . Find the
cardinality of each:

(1) Z/(n).
(2) Z3[x]/(x

2).
(3) R[x]/(x3 + x+ 1).

E. In an arbitrary ring R, can you find a way to put a ring structure on R/I? This would
be a natural way to define a + and × on the sets of congruence classes mod I . Are your
operations well-defined? Do the ring axioms hold? What are the aditive and multiplicative
identity elements?


