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DEFINITION: A group G is simple if its only normal subgroups are {e} and G.

Simple groups are rare among all groups in the same way prime numbers are rare among all integers.
Indeed, for cyclic groups, the ones of prime order are exactly the simple ones.

A. Prove that a finite cyclic group of order n is simple if and only if n is prime.

We first prove that if |G| = p, then G is normal. Suppose not. Then G has a proper non-trivial normal subgroup, call it N .
By Lagrange’s theorem, |N | divides |G| = p. But since p is prime, it follows that |N | is 1 or p. But then N = {e} or N = G.

Conversely assume that G is cyclic of order n and simple. We need to prove that n is prime. Suppose not, and factor
n = dk where d 6= 1, n. Now, let g be a generator of G. Note that g has order n. Consider the subgroup H of G generated
by gk: its elements are {gk, g2k, . . . , g(d−1)k, gdk = e}. So H has order d, where 1 < d < n. Also, because G is abelian (all
cyclic groups are), we know H is a proper, non-trivial normal subgroup of G. This contradicts the simplicity of G. QED.

B. Prove that if G is a simple group, then every non-trivial surjective homomorphism G → H is an
isomorphism. (By non-trivial, I mean the map is not sending every element to e.) Use this to prove that Sn for n ≥ 3
and GLn(F) for n ≥ 2 are not simple.
If φ : G→ H is an surjective homomorphism, then by the first isomorphism theorem, H ∼= G/ kerφ. But kerφ is a normal

subgroup so if G is simple, it must be either {e} or G. If it is G, then φ(g) = e for all g ∈ G, which means φ is the trivial
homomorphism, which we assumed it isn’t. So it must be that kerφ = {e}, which means φ is injective. Since φ is both
injective and surjective and it is a homomorphism, by definition it is isomorphism.

C. CONJUGACY CLASSES: Recall that G acts on itself by conjugation: g · h = ghg−1. The orbits of this
action are called conjugacy classes. Show that a subgroup H ⊂ G is normal if and only if it is a (disjoint)
union of conjugacy classes.

D. S4:
(1) Show that {e} is a conjugacy class in S4.
(2) Show that the set of 2-cycles forms a conjugacy class in S4.
(3) Show that the set of 3-cycles forms a conjugacy class in S4.
(4) Find all of the conjugacy classes in S4.
(5) What unions of conjugacy classes are closed under composition? Find all normal subgroups

of S4.
(6) For each normal subgroup of S4, what are its right cosets?
(7) For each normal subgroup of S4, what is its quotient group?

E. S5:
(1) Find all of the conjugacy classes in S5. How big is each?
(2) Every normal subgroup must contain the identity. Given that, what unions of conjugacy classes

have the right size to possibly be a normal subgroup?
(3) Verify for each of the possibilities in the last part whether your union of classes is closed under

composition. Find all normal subgroups of S5.
(4) Explain why A5 is a simple group.

The smallest non-abelian simple group is A5, which is order 60. In a certain sense I won’t make precise
here, all groups are built from the simple groups, in a similar way that all integers are built from the
primes.



It is not so easy to tell whether a given group G is simple or not. Just like determining whether a given
(large) integer is prime, there is an algorithm to check but it may take an unreasonable amount of time
to run. None the less, a great achievement of the Twentieth Century was a classification of all the finite
simple groups. These are recorded in the Atlas of Simple Groups.


