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DEFINITION: Fix a group G and a subgroup K. A right coset of G is any subset of G of the form

Ka = {ka | k ∈ K}
where a ∈ G.

DEFINITION: Fix a group G and a subgroup K. The index of K in G is the total number of distinct right
cosets of K in G. We write this index [G : K].

DEFINITION: Fix a group G and a subgroup K. We say that a is congruent to b modulo K if ab−1 ∈ K.

A. WARMUP. Let G be the group (Z,+) and let K be the subgroup kZ. Let a = 17.
(1) Prove that the right coset Ka in Z is [17]k. Because G uses additive notation, why might K + a be a better

notation for this coset? What is a coset in this case?
(2) Compute the index [G : K] in this case.
(3) Prove that the cosets Ka and Kb are the same in this case if and only if a ≡ b mod K.

(1) The notation Ka in this context is kZ+ 17, which is the set {17 + kn |n ∈ Z} = [17]k.
(2) Each coset of K is an equivalence class mod k. There are k of these. So [G : K] = k.
(3) Ka = [a]k and Kb = [b]k. These are the same sets if and only if a ≡ b mod k, which is the same as a ≡ b

mod K.

B. BASICS OF COSETS. Fix a group G and a subgroup K. Let a, b ∈ G.
(1) Prove that “congruence modulo K” is an equivalence relation.1

(2) Prove a ∈ Ka.
(3) Prove that Ka = Kb if and only if a is congruent to b modulo K. Put differently, show that cosets of

K are the same eqiuvalence classes for the relation in (1).
(4) Show that for all a, b ∈ G, either Ka = Kb or Ka ∩Kb = ∅ (but not both).2

(5) Show that every element of G belongs to exactly one coset.

(1) For reflexive: aa−1 = e ∈ K because K is a subgroup. For symmetric: ab−1 ∈ K implies (ab−1)−1 ∈ K so
ba−1 ∈ K. This uses that K is a subgroup so is closed under taking inverses. For transitive: ab−1 ∈ K and
bc−1 ∈ K implies (ab−1(bc−1) = ac−1 ∈ K, since K is a subgroup and hence closed under the operation.

(2) a = ea ∈ Ka since e ∈ K.
(3) Assume Ka = Kb. Then in particular, a ∈ Ka = Kb. So a = kb for some k ∈ K. This means that ab−1 ∈ K.

Conversely, suppose ab−1 ∈ K. Then ab−1 = k1m so a = k1b. Thus ka = kk1b ∈ Kb for all k ∈ K. This means
that Ka ⊂ Kb. A similar argument shows that Kb ⊂ Ka so Ka = Kb.

(4) Say x ∈ Ka ∩Kb. That means x = k1a = k2b for some k1, k2 ∈ K. But then a = k−1
1 k2b ∈ Kb, so ka ∈ Kb

for all k ∈ K which mean Ka ⊂ Kb. Likewise, b = k−1
2 k1a ∈ Ka, so that kb ∈ Ka for all k ∈ K, which means

Kb ⊂ Ka as well.
(5) Every element a is in Ka by (2). But if a ∈ Ka ∩Kb, then Ka ∩Kb is not empty so Ka = Kb by (4).

C. THE PROOF OF LAGRANGE’S THEOREM. Fix a group G and a subgroup K. Let a, b ∈ G.
(1) Prove that there is a bijection

Ka→ Kb

given by right multiplication by a−1b.

1That is, show the relation is reflexive (a congruent to a for all g), symmetric (if a is congruent b, then b is congruent to a) and
transitive (if a is congruent b and b is congruent to c, then a is congruent to c).

2Proof Technique: To show P or Q, it suffices to assume NOT Q and show that P follows.



(2) Prove that the cosets of K partition up the group G into disjoint subsets, all of which have the same cardinality as K.
(3) Prove that if G is finite, then |G| = [G : K]|K|.
(4) State and prove Lagrange’s theorem.

(1) The map Ka → Kb given by right multiplication by a−1b has inverse Kb → Ka given by right multiplication
by b−1a. This is easy to check: na 7→ (na)(a−1b) 7→ (na)(ab−1)(b−1a) = na and nb 7→ (nb)(b−1a) 7→
(nb)(b−1a)(a−1b) = nb so these maps are mutually inverse.

(2) We already know from B (5) that every element of G is in one coset, so G is the disjoint union of its cosets. By (1),
each coset has the same cardinality as K.

(3) Each coset has |K| elements. so |G| = |K|[G : K].
(4) Lagrange’s Theorem says that |K| divides |G|. This follows immediately from (3).

D. Let G be the dihedral group D4. Let R4 be the subgroup generated by r, the rotation 900 counterclockwise.
(1) Compute [D4 : R4]. It is easy if you use C(3).
(2) Describe the partition of D4 up into cosets. Is there a geometric interpretation or description of each?

(1) |D4| = 8 and |R4| = 4, so [D4 : R4] = 2.
(2) There are two cosets. One is the group R4, consisting of the rotations (and e). The other is everything that is not a

rotation: these are the four reflections over the horizontal, vertical and two diagonals.

E. Fix G = GL2(R) and the subgroup K = SL2(R). Let A =

[
1 17
0 π

]
.

(1) Prove that the right coset KA in GL2(R) is {B ∈ GL2(R) | detB = π}.
(2) Prove that the cosets KC and KD are the same in this case if and only if detC = detD.
(3) What is the index [GL2(R) : SL2(R)]?

(1) Say B ∈ KA. So BA−1 ∈ SL2. This means det(BA−1) = 1. So det(B) det(A−1) = det(B)(det(A))−1 = 1, or
detB = detA = π. So KA = {B ∈ GL2(R) | detB = π}.

(2) Same argument: KA = KB if and only if AB−1 ∈ SL2. So if and only if detA(detB)−1 = 1, or detA = detB.
(3) ∞.

F. Let G be S4 and let K be the subgroup A4 of even permutations. What are the cosets of A4? What is the index [S4 : A4]?

Since the composition of any two odd permutations is even, we know τσ−1 ∈ An for all odd τ and σ. So the odd
permutations are all in the same coset. Likewise, the same is true for the evens, which make up An. The index is thus 2.


