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A. Theorem: An n× n matrix A is invertible if and only if detA 6= 0.

1. One direction of the Theorem is easy to prove: prove it.

2. Prove that a square matrix A is invertible if and only if AT is invertible.

3. Prove that A has rank n if and only if detA 6= 0.

4. Let A =

1 2 3
1 k 0
0 k k

 . Find all values of k for which the system of equations A~x = ~0 has

exactly one solution.

B. Prove or Disprove: Let A be an n× n matrix.

1. If A has two columns that are the same, then detA = 0.

2. If the columns of A admit some non-trivial relation, then detA = 0.

3. If the rows of A admit some non-trivial relation, then detA = 0.

4. If detA = 0, then there is some non-trivial relation on the columns.

5. If detA = 0, then there is some non-trivial relation on the columns.

C Let V
T−→ V be a linear transformation where V has dimension n.

1. Define the determinant of T .

2. Define the rank of T .

3. Show that detT = 0 if and only if rank T 6= n.

4. Show that T is an isomorphism if and only if detT is not zero.

5. Now let V = R3 and let T be rotation around the axis L (a line through the origin) by

an angle θ. Find a basis for R3 in which the matrix of ρ is

1 0 0
0 sinθ −cosθ
0 cosθ sinθ

 . Use this

to compute the determinant of T . Can you understand why the determinant is what is it
geometrically?



D. Theorem: The determinant is multilinear in the columns. The determinant is multilinear
in the rows. This means that if we fix all but one column of an n × n matrix, the determinant
function is linear in the remaining column. Ditto for rows.

1. Let ~v2 =

 1
−1
0

 , ~v3 =

2
0
1

 . Discuss how the map R3 → R sending

xy
z

 7→ det

x 1 2
y −1 0
z 0 1


illustrates the Theorem in D. Is this map linear? If so, find its matrix.

2. Illustrate similarly an example of the Theorem in the case of rows.

3. Prove the Theorem in the 2×2 case for the first column. That is: Show that the determinant
of a 2× 2 matrix is linear in the first column.

4. Suppose ~v1, . . . , ~vn−1 are vectors in Rn and that

det[~v1 ~v2 . . . ~vn−1 ~a] = 5, det[~v1 ~v2 . . . ~vn−1
~b] = 7, det[~v1 ~v2 . . . ~vn−1 ~c] = −3.

Find det[~v1 ~v2 . . . ~vn−1 (2~a+ 4~b− 6~c+ 17~v1)].

5. Prove that the determinant function of an n× n matrix is linear in the last column. [Hint:
Use Laplace expansion along the last column.]

6. Use Laplace expansion to explain why the determinant is linear in each column and row.

7. True or False: The determinant map is linear. Justify.

E. Corollary: Let A be an n× n matrix. Then det(kA) = kn detA for any scalar k. Prove this.

F. Theorem: The determinant is alternating in the columns. The determinant is alternating
in the rows. This means if we interchange two columns, the determinant changes sign. Ditto for
rows.

1. Verify this for swapping the second two columns of

0 1 2
0 −1 0
1 0 1

 . Also verify for swapping

the first and third row.

2. Prove the theorem in the case of 2× 2 matrices.

3. Let A be an n × n matrix. Let B be obtained from A by switching columns i and j. Prove
that detA = −detB. [Hint: Write A =

[
~v1 ~v2 . . . ~vn

]
. Compute the determinant of[

~v1 ~v2 . . . ~vi + ~vj . . . ~vi + ~vj . . . ~vn
]
, where the ~vi + ~vj is in BOTH the i-th spot,

and the j-th spot.]

It is an interesting Theorem that the determinant is the ONLY alternating multilinear function of the columns of

an n×n matrix which takes the value 1 on the identity matrix. More theoretical linear algebra courses (for example,

Math 420, which maybe you’ll take someday) usually take this to be the definition of the determinant. We won’t do

this in Math 217, however.


