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A. Prove that for a 2×2 matrix A, the characteristic polynomial of A is x2−tx+D where D = detA
and t = trace A. Show also that the trace is the sum of the eigenvalues and the determinant is the
product of the eigenvalues.

Solution note: Compute det(xI2 − A) = det

[
x− a −b
−c x− d

]
= (x − a)(x − d) −

cb = x2 − (a + d)x + (ad − bc) = x2 − tx + detA. Note also that the char poly
factors as (x− λ)(x− µ) where λ, µ are the eigenvalues. Multiplying this out, we get
x2 − (λ+ µ)x+ λµ. Since this is also x2 − tx+ detA we see that the determinant is
the product of the eigenvalues and the trace is the sum of the eigenvalues.

B. Find an example of an 8× 8 matrix which has eigenvalues 1, 1, 1, 1, 2, 2, 2, 3 of geometric multi-
plicities 1, 2, 1 respectively. Is there a diagonalizable example?



Solution note: We consider upper triangular matrices of the form

A =



1
0 1
0 0 1
0 0 0 1
0 0 0 0 2
0 0 0 0 0 2
0 0 0 0 0 0 2
0 0 0 0 0 0 0 3


No matter what we put above the diagonal, this matrix will have char poly (x −
1)4(x − 2)3(x − 3) so we have the specified eigenvalues with the specified algebraic
multiplicities. We need to add in some elements upper the diagonal to make sure we
get the correct geometric multiplicities. If we have all zeros above the diagonal, the
matrix is diagonal (so diagonalizable!) which means the gemus are 4,3,1. The gemu
of the eigenvalue 1 is the dimension of the kernel of I8 − A. This is the same as the
kernel of A− I8, which is slightly easier to work with for this purpose—that matrix
would have fours zeros on the diagonal, followed by 1, 1, 1, 2. By rank-nullity, if we
want the dimension of this kernel to be 1, we need the rank of this matrix A− I8 to
be 7. Note that the LAST FOUR COLUMNS of A− I8 are linearly independent no
matter what entries we put in above the diagonal.. We need to add in some non-zero
entries to make sure that the FIRST FOUR COLUMNS together with these last four
will span a 7-dimensional space. The easiest thing to do is to put exactly one some
non-zero element just above each one:

A =



1
√

2

0 1
√

7

0 0 1
√

5
0 0 0 1
0 0 0 0 2
0 0 0 0 0 2
0 0 0 0 0 0 2
0 0 0 0 0 0 0 3


We should not put anything below the diagonal because this will screw
up our char poly computation!! Notice that because of the placement of these
new 1’s, our matrix A− I8 has rank 7 regardless of what we put in the upper parts
of the last 4 columns. So the 1-eigenspace is 1-dimensional by rank-nullity. For the
eigenvalue 2, we need to look at A− 2I8. We want its kernel to be dimension 2 (since
the gemu of 2 is the dimension of this kernel). By rank-nullity, we want A − 2I8 to
have rank 6. Write it out some...notice that the first 4 columns together with the last
column are linearly independent, regardless of what we put into columns 5,6,7. We
want to put something into these columns so that the A− 2I8 has exactly 6 linearly
independent columns. CONTINUED NEXT PAGE



Solution note: This works:

A =



1
√

2

0 1
√

7

0 0 1
√

5
0 0 0 1
0 0 0 0 2 π
0 0 0 0 0 2
0 0 0 0 0 0 2
0 0 0 0 0 0 0 3


Finally, note that we don’t have to worry about the gemu of the eigenvalue 3. It
MUST be 1 no matter what, since it is at least 1 (always, if 3 is an eigenvalue) and it
is at most 1 (since gemu(3) ≤ almu(3) = 1. The final answer for A can now put any
values whatsoever in the remaining (upper) spots...I prefer zeros. This is of course
not the only answer! It is however, an answer which maximizes the number of zero
entries.

C. Consider the map φ : R3×3 → R3×3 sending each A to A+AT .

1. Prove that every non-zero symmetric matrix is an eigenvector. What is its eigenvalue?

2. Prove that every non-zero skew symmetric matrix is an eigenvector. What is its eigenvalue?

3. Find the dimension of the subspace of R3×3 of symmetric matrices. Find a basis.

4. Find the dimension of the subspace of R3×3 of skew symmetric matrices. Find a basis.

5. Does φ have an eigenbasis? What are the algebraic and geometric multiplicities of all eigen-
values for φ. What is the char poly for φ?

6. Describe a matrix representing φ (and the corresponding basis for the source/target) in which
φ has the maximum possible number of zero entries.

Solution note:

1. Suppose A is symmetric. Then A = AT by definition, so φ(A) = A + AT = 2A. So every
(non-zero) symmetric matrix is an eigenvector with eigenvalue 2.

2. Suppose A is skew symmetric. Then A = −AT by definition, so φ(A) = A + AT = 0. So
every (non-zero) skew symmetric matrix is an eigenvector with eigenvalue 0.

3. The matrices E11, E22, E33, E21 + E12, E31 + E13, E23 + E32 span the space of symmetric
matrices, and are a basis. So the 2-eigenspace of φ is at least 6 dimensional. That is, gemu(2)
≥ 6.

4. The matrices E21 − E12, E31 − E13, E23 − E32 span the space of skew-symmetric matrices,
and are a basis. So the 0-eigenspace of φ (AKA the kernel of φ) is at least 3 dimensional.
That is, gemu(0) ≥ 3.

5. Yes! We found a total of 9 linearly independent eigenvectors by combining (3) and (4). They
are an eigenbasis. The matrix of φ in this eigenbasis has only 6 non-zero entries (all 2’s on
the diagonal).



D. Prove or Disprove: There is non-zero 3×3 matrix A which admits the eigenvalue 0 with geometric

multiplicity 3.

Solution note: FALSE! If A is 3× 3 and has eigenvalue 0 with gemu 3, it means that
the dimension of the 0-eigenspace is 3. That is, the dimension of the kernel is 3. By
rank-nullity, the rank of A is 0. So A is the 0-matrix.

E. Assume that V
T−→ V is a nilpotent transformation. [This means that Tn is zero for some

n > 0.]

1. Show that differentiation is a nilpotent transformation on Pd (for any d).

2. Show that if T is nilpotent, then the only eigenvalue is 0.

3. Find a non-zero 2× 2 nilpotent matrix. Can you find one of any (square) size?

4. Prove that a non-zero nilpotent transformation is never diagonalizable.

Solution note:

1. Applying d/dx always lowers the degree of a polynomial by 1. So if we apply d/dx to a degree
n (or less) polynomial n+ 1 times, we get zero.

2. Suppose T (v) = cv for some non-zero c and some non-zero v. Apply T again: T 2(v) =
T (cv) = cT (v) = c2v. Repeat n-times, to get Tn(v) = cnv. But if Tn is zero, then we have
0 = cnv. This forces cn = 0, since we know v 6= 0. But then c = 0. Contradiction.

3.

[
0 1
0 0

]
. Yes, in general, the n × n matrix which is everywhere 0 except the TOP RIGHT

corner will be nilpotent (check it!) (More generally, upper triangular with all zeros on diagonal
is nilpotent but it is more to check).

4. If T is nilpotent, then by (2), its only eigenvalue is 0. So by Theorem IV, T will be diago-
nalizable if and only if the geometric multiplicity of 0 is the dimension of V . But then the
0-eigenspace is all of V , and T is the zero map.



F. Consider the map T : R2 → R2 given by rotation 900 counterclockwise.

1. Give a geometric argument why T has no real eigenvalues. Find the matrix A of T in the
standard basis.

2. Compute the characteristic polynomial of T . Use it to give an algebraic argument that T
has no real eigenvalues.

3. Find the roots of the characteristic poly (as complex numbers). Call these complex eigen-
values of T .

4. For each complex eigenvalue c of T , solve the equation A

[
z
w

]
= c

[
z
w

]
where z and w are

complex numbers. These are called complex eigenvectors of A.

5. Find a matrix S with complex entries such that S−1AS is diagonal (with complex entries). To
guess at S, think about what S would work if A where diagonalizable over the reals. In this
case, we say that S is diagonalizable over the complex numbers. [Caution: not every
matrix is diagonalizable over C; a non-zero nilpotent matrix is never diagonalizable over C,
for example.]

Solution note:

1. Rotation through 900 moves every NZ vector to a different one (perpendicular). So no vector goes to a scalar
multiple of itself. So there are no eigenvectors, and no eigenvalues.

2. Matrix is

[
0 −1
1 0

]
which has char poly x2 + 1 and hence no real eigenvalues.

3. Roots are ±i so complex eigenvalues are ±i.

4. We get

[
i
1

]
as a complex eigenvector for the eigenvalue i and

[
i
−1

]
as a complex eigenvector for the eigenvalue

−i.

5. S =

[
i −i
1 1

]
.

The Fundamental Theorem of Algebra says that every polynomial factors completely into linear factors over C.

This allows us to define complex eigenvalues for any linear transformation, even when there are no real eigenvalues.
If we have a complex eigenvalue, we will also have a complex eigenvector (although this is not obvious). You saw

an example in F above.


