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Definition: Let V
T−→ V be a linear transformation. An eigenvector of T is a non-zero vector

~v ∈ V such that T (~v) = λ~v for some scalar λ. The scalar λ is the eigenvalue of the eigenvector ~v.

Definition: Let λ be an eigenvalue of a linear transformation T : V → V . The λ-eigenspace of
T is the subspace Vλ of V defined by:

Vλ := {~v ∈ V | T (~v) = λ~v} = {~v ∈ V | ~v is an eigenvector with eigenvalue λ} ∪ 0.

A. Fix a linear transformation V
T−→ V , and an eigenvalue λ.

1. Prove that the Vλ is a subspace of V .

2. Find the eigenvalues for the map multiplication by

0 1 0
0 0 0
0 0 1

 , using only the definition and

inspection. For each, compute the eigenspace.

Solution note: 1). Check that ~0 ∈ Vλ. If ~v and ~w ∈ Vλ, then T (~v) = λ~v and
T (~w) = λ~w, so adding these we have T (~v+ ~w) = T (~v) +T (~w) = λ~v+λ~w = λ(~v+ ~w),
so Vλ is closed under addition. Also: if ~v ∈ Vλ, then T (k~v) = kT (~v) = kλ~v = λ(k~v),
so k~v ∈ Vλ, and Vλ is closed under scalar multiplication. So Vλ is a subspace.

2). Looking at the matrix, we see ~e1 is in the kernel, and in fact spans the whole
kernel (by rank-nullity, the kernel has dimension 1). So zero is an eigenvalue and
V0 = span(~e1). Also we see ~e3 is taken to itself, so ~e3 is an eigenvector of eigenvalue

1. Solving A

xy
z

 =

xy
z

, we see that the only 1-eigenvectors are scalar multiples

of ~e3. So V1 = span(~e3). Finally, if k 6= 0, 1, we see that A

xy
z

 = k

xy
z

 has no

solutions. So there are no other eigenvalues/vectors/spaces.

Definition: The dimension of the λ-eigenspace of T is called the geometric multiplicity of λ.

B. Compute the eigenspaces and geometric multiplicities of each of the following transformations.
Use geometric intuituion and the definitions.

1. The map R3 → R3 scaling by 3.

2. The map R3 → R3 rotation by π around the line spanned by ~v = [1 1 1]T .

3. The map R2 → R2 given by multiplication by

[
2 0
0 5

]
.



4. The map R3 → R3 from Problem A (2).

Solution note: 1). There is one eigenvalue, 3. The 3-eigenspace is all of R3. So the
geometric multiplicity of the eigenvalue 3 is 3.
2). There are two eigenvalues, 1 and -1. We have V1 = span[1 1 1]T , the axis of
rotation L. The geometric multiplicity of the eigenvalue 1 is 1. Also V−1 is L⊥, so -1
has geometric multiplicity 2.
3). There are 2 eigenvalues: 2 and 5. The eigenspaces are V2 = span (~e1) and
V5 = span (~e2). Each eigenvalue has geometric multiplicity 1.

C. Let TA : Rn → Rn be a linear transformation given by multiplication by the matrix A.

1. Prove that the λ-eigenspace is the kernel of the matrix λIn −A.

2. Prove that λ is an eigenvalue if and only if the matrix λIn −A has a non-zero kernel.

3. Explain why λ is an eigenvalue if and only if the matrix λIn −A has rank less than n.

4. Explain why λ is an eigenvalue if and only if the matrix λIn −A has determinant zero.

5. Explain why det(xIn − A) is a polynomial of degree n in x. Explain the significance of the
roots of this polynomial. Prove it!

6. Explain why TA has at most n distinct eigenvalues.

7. Find examples of 3× 3 matrices A with one, two and three eigenvalues.

8. Find a 2× 2 matrix whose only eigenvalue is 2, with geometric multiplicity 1.



Solution note:

1. Fix an eigenvalue λ. Then

Vλ ={~v ∈ Rn |A~v = λ~v} = {~v ∈ Rn |λ~v −A~v = 0}{~v ∈ Rn | (λIn −A)~v = 0} = ker(λIn −A).

2. This follows from (1), since a vector ~v is an eigenvector if and only if Vλ contains a non-zero
element.

3. We know ker(λIn − A) is non-zero if and only if (λIn − A) is not injective. Since this is a
square matrix, this is the same as not being surjective (rank nullity), which is the same as
the rank being less than the size of the square matrix.

4. Same as (3): determinant is zero if and only if not injective if and only if not surjective (for
square matrices!)

5. Expanding out the determinant of the n× n matrix xIn − A using Laplace expansion along
the first row (and induction), we see that we get a polynomial of degree n in x. Its roots are
the eigenvalues from (4).

6. A polynomial of degree n can have at most n (real) roots. So a n × n matrix can have at
most n eigenvalues.

7. The zero matrix has only the 0 eigenvalue since its char poly is x3. The matrix

1 0 0
0 1 0
0 0 0


has only the eigenvalues 0 and 1 since its char poly is (x3 − x2). The matrix

1 0 0
0 2 0
0 0 3

 has

three eigenvalues.

8. We need a char poly whose only has root is 2. So we want the char poly to be (x− 2)2. Lets

try A =

[
2 a
0 2

]
. We also want the geometric multiplicity to be 1, so the dimension of the

kernel of 2I2 −A =

[
0 −a
0 0

]
to be one. By rank-nullity, we want the rank of

[
0 −a
0 0

]
to be

one. So any matrix

[
2 a
0 2

]
where a 6= 0 will have geometric multiplicity of the eigenvalue 2

exactly 1.



Definition: The characteristic polynomial of an n× n matrix A is the polynomial

χA(x) = det(xIn −A).

Theorem: The eigenvalues of a matrix A are the roots of its characteristic polynomial.

Definition: The algebraic multiplicity of an eigenvalue λ of A is the largest k such that (x− λ)k

divides χA.

D.

1. Find the characteristic polynomial of the matrix in Problem A(2) on the previous page. Does
this agree with your previous computation?

2. How is the characteristic polynomial of a linear transformation V
T−→ V defined where V of

some finite dimensional vector space? Why is your definition independent of any choices you
made to define it?

3. Consider the differentiation transformation d/dx : P4 → P4. Find all eigenvalues, and com-
pute the eigenspace, algebraic and geometric multiplicities of each. Does d/dx have an eigen-
basis? Is d/dx is diagonalizable?

4. Find the characteristic polynomial for the identity transformation of R6. Find all eigenvalues,
and compute the eigenspace, algebraic and geometric multiplicity for each. Does this map
have an eigenbasis?

5. Find the characteristic polynomial for the map given by

[
0 1
1 0

]
. Does this map have an

eigenbasis? Is this matrix similar to a diagonal matrix?

6. Find the characteristic polynomial for

[
1 2
4 −1

]
. Can this matrix be diagonalized?



Solution note:

1. x2(x− 1). Yes, before we found the only eigenvalues to be 0 and 1.

2. Define the char poly of T to be the char polynomial of [T ]B for ANY basis B of V . We need
to check that different bases give the same characteristic polynomial. Say that A is another
basis. We know that [T ]B = S−1[T ]AS where S = SB→A. Since similar matrices have the
same determinant, we compute

det(xIn − [T ]B) = det(S−1(xIn − [T ]B)S) = det(S−1(xIn)S − S−1[T ]BS) = det(xIn − [T ]A),

where we have used the fact that SxIn = xSIn. The characteristic polynomials of the matrices
[T ]B and [T ]A are the same.

3. Using the standard basis A = (1, x, x2, x3, x4), the matrix is


0 1 0 0 0
0 0 2 0 0
0 0 0 3 0
0 0 0 0 4
0 0 0 0 0

. This has

characteristic polynomial x5, so the only eigenvalue is 0. The eigenspace of 0 is the kernel of
d/dx, which is the one dimensional space of constant polynomials. The geometric multiplicity
is 1, and the algebraic multiplicity is 5. This map does not have an eigenbasis.

4. The only eigenvalue of the identity map is 1 and it has both geometric and algebraic multi-
plicity 6. The char poly is (x− 1)6. Every basis is an eigenbasis!

5. The char poly is x2 − 1 which has two roots, ±1, so these are the eigenvalues. Yes, it has an
eigenbasis, (e1 + e2, e1 − e2).

6. The char poly is (x− 1)(x+ 1)− 8 = x2 − 7. Yes, there are two different eigenvalues, ±
√

7,
and each has its own eigenvector, which can not be scalar multiples of each other. So they
give us an eigenbasis, which means the matrix can be diagonalized.

E. Theorem: Eigenvectors of distinct eigenvalues are linearly independent. That is, if {~v1, . . . , ~vn}
are eigenvectors with different eigenvalues, then {~v1, . . . , ~vn} is linearly independent.

1. Prove the Corollary: If A is an n× n matrix with n different eigenvalues, then A is similar
to a diagonal matrix.

2. Prove the Corollary: If T is a linear transformation of an n-dimensional space with n
different eigenvalues, then T has an eigenbasis.

3. Prove the theorem. [Hint: start in the standard way, with a relation. Assume you’ve chosen
it to have the minimal possible number of zero coefficients. Apply T .]

4. Find the eigenvalues of

1 2 3
0 −1 7
0 0 −5

 . Does this matrix have an eigenbasis? Can it be

diagonalized?



Solution note:

1. We do 1 and 2 together, since it is really just 2 different ways of asking the same question. The
n-different eigenvalues have corresponding eigenvectors in Rn which are linearly independent
by the Theorem. These are thus an eigenbasis for TA.

The matrix of TA in this eigenbasis is the diagonal matrix B with the eigenvalues on the
diagonal. Since matrices of the same transformation (in different bases) are similar, A and B
are similar. So A is similar to a diagonal matrix.

2. Let a1v1 + · · ·+anvn = 0 be a relation. Assume, with out loss of generality, that we’ve chosen
a relation with the minimal number of non-zero terms (so all ai are non-zero). Apply T . We
have 0 = T (a1v1 + · · ·+ anvn) = T (a1v1) + · · ·+ T (anvn) = a1λ1v1 + · · ·+ anλn~vn. Here the
λ are the eigenvalues, and by assumption, no two are equal. Note that no λi = 0, or else we
already have a relation with fewer non-zero terms. Now multiply the original relation by λ1
and subtract.

We get 0 = (λ1a2 − λ2a2)v2 + · · ·+ = (λ1an − λnan)vn = 0. This is a relation with fewer
non-zero terms, which is a contradiction, unless each λ1ai − λiai = 0. But this also gives a
contradiction, since ai 6= 0 and λ1 6= λi. QED.

3. The char poly is (x − 1)(x + 1)(x + 5), so the eigenvalues are 1,−1, 5. There corresponding
eigenvectors are independent, so much be an eigenbasis. So yes, this matrix is similar to a
diagonal matrix.

F. Prove or Disprove: If a 6= b are both eigenvalues of a transformation V
T→ V , then Va ∩ Vb = 0.

Solution note: TRUE. Say ~v ∈ Va ∩Vb. Then T (~v) = a~v = b~v. So (a− b)~v = 0. Since
a 6= b, we conclude that ~v = 0.


