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Definition: Fix an n × n matrix A. The characteristic polynomial1 of an n × n matrix A is
the polynomial

χA(x) = det(xIn −A).

Theorem I: Let V
T−→ V be a linear transformation of a finite dimensional vector space. A scalar

λ is an eigenvalue of T if and only if λ is a root of the characteristic polynomial χT .

A. What, here in the Theorem, is meant by the characteristic polynomial of T? How is this different
from the characteristic polynomial of a matrix?

B. For each linear transformation below, find the characteristic polynomial, and all real eigen-
values by using the Theorem. When possible, confirm using some other reasoning that these are
eigenvalues.

1. T is left multiplication by A =

[
2 7
−1 −6

]
.

2. R2 ρ−→ R2 given by rotation 900 counterclockwise.

3. B =

2 7 6
0 −1 −6
0 2 7

.

4. The map R3 → R3 scaling by 3.

5. The zero map P7 → P7.

6. The map R2 → R2 sending

[
x
y

]
7→
[
x + y
y

]
.

7. The map R2×2 → R2×2 sending A to A−AT .

1Mathematicians usually define the characteristic polynomial to be det(xIn −A), although the book defines it as
det(A−xIn). Both are valid definitions in Math 217. Notice that these polynomials are the same up to multiplication
by (−1)n. In particular, they have the same roots.



Solution note:

1. The char poly is (2− x)(−6− x) + 7 = x2 + 4x− 5 = (x− 1)(x+ 5). So the eigenvalues are 1
and −5.

2. The matrix in standard coordinates is

[
0 −1
1 0

]
which has char poly x2 + 1. This has no real

roots. This makes sense, since this rotation takes no vector to a scalar multiple.

3. The char poly is (2−x)[(−1−x)(7−x)+12 = −(x−2)[x2−6x+5] = −(x−2)(x−1)(x−5).
So the eigenvalues are 1, 2 and 5. The first column confirms that 2 is an an eigenvalue (with
eigenvector ~e1.)

4. The char poly is (3 − x)3. The only eigenvalue is 3. This makes sense, since every vector is
scaled by 3.

5. The matrix (in any basis!) is the 8× 8 zero matrix. Its char poly is x8 so the only eigenvalue
is 0. This makes sense, since the kernel is everything.

6. The matrix in the standard basis is

[
1 1
0 1

]
which has char poly (x−1)2. So the only eigenvalue

is 1.

7. Using the basis E11, E12, E21, E22, the matrix is


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 . So the char poly is x3(x−

2). The only eigenvalues are 0 and 2.

Theorem II: Eigenvectors of distinct eigenvalues are linearly independent. That is, if {~v1, . . . , ~vn}
are eigenvectors with different eigenvalues, then {~v1, . . . , ~vn} is linearly independent.

C. After discussing the meaning of Theorem II with your tablemates, use it to:

1. Prove the Corollary: If T is a linear transformation of an n-dimensional space with n
different eigenvalues, then T has an eigenbasis.

2. Prove the Corollary: If A is an n× n matrix with n different eigenvalues, then A is similar
to a diagonal matrix. How do you find the S witnessing similarity?

3. Prove Theorem II. [Hint: start in the standard way, with a relation. Assume you’ve chosen
it to have the minimal possible number of non-zero coefficients. Apply T .]

4. Find the eigenvalues of

1 2 3
0 −1 7
0 0 −5

 . Does this matrix have an eigenbasis? Can it be

diagonalized?



Solution note:

1. The eigenvectors of the n different eigenvalues are linearly independent. Since we have n =
dimV of them, they must be a basis. So they are an eigenbasis.

2. The matrix A has n distinct eigenvalues means that the transformation TA (left multiplication
by A) has n-distinct eigenvalues. So TA has an eigenbasis, call it B. We can re-write the matrix
A in the eigenbasis B (meaning, more precisely, we write the B-matrix for the transformation
[TA]B). The matrix [TA]B is diagonal and similar to A = [TA]E , which is the matrix of TA in
the standard basis. In general, matrices of the SAME TRANSFORMATION in two different
bases are always SIMILAR (the matrix S that witnesses similarity is a change of basis matrix
between the bases).

3. See the “Eigen-Everything” document for the proof.

4. Yes! The char poly is (x − 1)(x + 1)(x + 5) so the eigenvalues are 1,−1,−5. The matrix is
3 × 3 and has 3 different eigenvalues. The corresponding eigenvectors are therefore linearly
independent, and since there are 3 of them, they form an eigenbasis B! The B-matrix of A is
diagonal with 1,−1,−5 on the diagonal.



Multiplicities of Eigenvalues.

Fix a finite dimensional vector space V and a linear transformation V
T−→ V , with char poly χT (x).

Let λ be an eigenvalue of T .

Definition: The geometric multiplicity of λ is the dimension of the λ-eigenspace Vλ ⊂ V .
The algebraic multiplicity of λ is the largest number k such that (x− λ)k is a factor of χT .
Informally: The algebraic multiplicity of λ is the “number of times λ is a root” of χT (x).

Theorem III: For each eigenvalue λ, the geometric multiplicity is at most the algebraic multiplicity.

Theorem IV: A linear transformation V
T−→ V has an eigenbasis if and only if the sum of the

geometric multiplicities of its eigenvalues is dimV .

D.

1. What is meant by λ-eigenspace Vλ in the definition of geometric multiplicity?

2. For each transformation in B, find the algebraic multiplicity.

3. For each transformation in B, find the geometric multiplicity.

4. Find the gemu and almu for each eigenvalue of P =


2 1 π 9
0 2 9/7 0
0 0 −1 1
0 0 0 −1

.

5. Suppose V is dimension 5, and V
T−→ V has two eigenvalues of geometric multiplicities 2 and

3, respectively. Find the characteristic polynomial of T .

E. For S =

[
−1 7
0 1

]
, consider the linear transformation γS : R2×2 → R2×2 sending A to S−1AS.

Find the characteristic polynomial, the eigenvalues, and for each eigenvalue, its algebraic and
geometric multiplicity. Then find a basis for each eigenspace. Does γS have an eigenbasis.



Solution note: For this, we need to pick a basis B and find the B-basis. Say we

pick B = {E11, E12, E21, E22}. We then compute T (E11) =

[
−1 7
0 0

]
, T (E12) =[

0 −1
0 0

]
= −E12, T (E21) =

[
−7 49
−1 7

]
T (E22) =

[
0 −7
0 1

]
. We then arrange this into

the B-matrix:

[T ]B =


1 0 −7 0
7 −1 49 −7
0 0 −1 0
0 0 7 1

 .
We compute its char poly by computing det[T ]B − xI4 by Laplace expansion along
the second column. We get

(−1− x)(1− x)(−1− x)(x− 1) = (x− 1)2(x+ 1)2.

This shows that the eigenvalues are 1, 1,−1,−1 (that is, ±1 each with algebraic
multiplicity 2.

Note that we could have taken any basis A. If we are clever, we might notice that
I2 and S are both eigenvectors (with eigenvalue 1), so they are both excellent choices
for (part of) a basis. Also, E12 is an eigenvector of eigenvalue -1. These three at least
will be very easy to find coordinates for in A, and the A-matrix will have lots of zero.
To complete the argument this way, we still need to find a fourth matrix not in the
span of I2, S and E12 and find the A coordinates of its image under T . Try it and
see if you get the same characteristic polynomial! (of course you have to, since the
char poly doesn’t depend on the choice of the basis.

F.

1. Prove that if A is a 2×2 matrix, then its characteristic polynomial is x2− (traceA)x+ detA.

2. Theorem: Suppose that an n× n matrix A has eigenvalues λ1, λ2, . . . , λn (possibly repeated
if algebraic multiplicity > 1). Then (−1)n detA is the product of the eigenvalues and trace
A is the sum of the eigenvectors.

3. Prove this for upper triangular matrices.

4. Prove this in the general case by induction on n [Hint: chose an eigenbasis to rewrite the
matrix in a more convenient form.]

5. If x17 + ax16 + · · ·+ px+ q is the characteristic polynomial of some matrix A. Find the size,
trace and determinant of A.


