
Math 412. Worksheet on §1.3: The Fundamental Theorem of Arithmetic.
Professors Jack Jeffries and Karen E. Smith

THE FUNDAMENTAL THEOREM OF ARITHMETIC:
Every integer can be factored into primes in an essentially unique way.

This theorem is so familiar that you may think it obvious. It is not! More precisely:

DEFINITION: A non-zero integer p 6= ±1 is prime if its only divisors are ±1 and ±p.

THE FUNDAMENTAL THEOREM OF ARITHMETIC: A non-zero integer n 6= ±1 can be
written as a product of primes; Moreover, if

p1 · · · ps and q1 · · · qt
are two factorizations of n into primes, then, s = t and there exists a reordering of the {qj}
such that qi = ±pi for all i.

A. WARM-UP: Find two different factorizations of −24 into primes (note that these are the
same up to re-ordering). Find three different factorizations of 15 into primes. How do we factor
−17 into an (essentially unique) product of primes?

−24 = (2)(−2)(2)(3) = (3)(−2)(−2)(−2). 15 = 3 × 5 = 5 × 3 = (−3) × (−5). There is only one
way to factorize −17 into primes: −17.

B. In this problem we assume THEOREM 1.5: A non-zero integer a 6= ±1 is prime if and only
if it has the following property:

(?) for any b, c ∈ Z, if a|bc, then a|b or a|c.
(1) Note that 6|(9× 4). Use Theorem 1.5 to show that 6 is not prime.
(2) Give a different proof that 6 is not prime, directly using the definition.
(3) For the non-prime number a = 81, find b, c ∈ Z so that property ? fails for a with your

b and c.
(4) Prove the following Corollary of Theorem 1.5: If p ∈ Z is prime, and p|(a1 . . . an)

where all ai ∈ Z, then p|ai for some i.1

(1) 6|(9× 4) but 6 does divides NEITHER 9 NOR 4. By Theorem 1.5, 6 is not prime.
(2) 6 has factors other than ±1 and ±6. For example, 2.
(3) 81|(9 · 27), but 81 divides NEITHER 9 nor 27.
(4) See the proof of Cor 1.6 in the book, page 18.

C. PROOF OF THE FUNDAMENTAL THEOREM, PART I
(1) Explain why it suffices to prove the fundamental theorem for positive n.
(2) The Fundamental theorem is basically an “existence” and “uniqueness” statement. As

usual, we focus of proving each separately. Discuss with your work-mates precisely
what is the “existence” part of the Theorem. What is the “uniqueness” part of the
theorem?

1Hint: induce on n.



(3) Consider the set S be the set of all integers greater than 1 that are not products of primes.
To make progress on the proof of the Fundamental theorem, what do we want to show
about S?

(4) Show that if S is non-empty, then S contains a composite integer.
(5) Show that if a and b are integers greater than 1, and ab ∈ S, then a or b is in S.
(6) Prove Theorem 1.7: Every integer (except 0, 1 and −1) is a product of primes.2

(1) Suppose n < −1. Then −n > 1. Assuming the FTA for positive n, we know −n = p1p2 . . . pt for
some primes pi. But then n = (−p1)(p2) . . . (pn) as well.

(2) The existence part: every integer (except 0,±1) is a product of primes.
(3) We want to show S is NON-EMPTY. This at least does the “existence” part of the Fundamental

Theorem.
(4) Every prime number is a product of primes (trivially). So if S 6= ∅, the elements in it are not prime.

That means the elements of S would all be composite.
(5) We prove the contrapositive: if a /∈ S and b /∈ S, then ab /∈ S. This easy. Write a = p1 · · · pt and

b = q1 · · · qs, as products of primes. Then ab = p1 · · · ptq1 · · · qs is also a product of primes.
(6) If the statement is false, then some positive integer is not a product of primes (by (1)). By the well-

ordering axiom, there must be a smallest positive integer (not 1) which is not a product of primes,
call it n; that is, a smallest member of the set S defined in (3). Note that n is not prime. So we can
write n = ab where 1 < a, b < n. Since a, b are positive and less than n, they can not be in S,
since n was supposed to be the smallest element of S. So a and b are products of primes, hence so is
ab = n. This contradiction proves the statement.

D. PROOF OF THE FUNDAMENTAL THEOREM, PART II. In C, you proved that every integer
is a product of primes. We now need to see that this product is essentially unique. Assume
Theorem 1.5 from Part B for now.

(1) Suppose that p1 · · · ps and q1 · · · qt are two different factorizations of an integer n into
primes. Using (the Corollary) to Theorem 1.5, explain why p1 must divide one of the
qi. Now use the definition on page 1 to explain p1 must be ±qi for some i.

(2) Finish the uniqueness part of the proof of the Fundamental Theorem.3

See the proof on Theorem 1.8 in the book, page 20.

E. PROOF OF THEOREM 1.5. The only missing piece of the proof of the Fundamental Theorem
is now the proof of Theorem 1.5: A non-zero integer a 6= ±1 is prime if and only if it has the
following property:

(?) if a|bc, then a|b or a|c.

Complete the proof of the Fundamental Theorem by Proving Theorem 1.5 using the follow-
ing steps. Avoid circular reasoning: make sure you do not use the fundamental theorem of
arithmetic in the steps below!!

(1) If a|d and d|a, how are a and d related?
(2) Suppose that a has property (?), and that d|a. Write a = de for some e, and notice that

a|de. What does the fact that a has property (?) say here?
(3) Prove that if a has property (?), then a is prime.

2Hint: If not, consider the smallest element of S, then find a smaller element of S for a contradiction.
3Hint: Aiming for proof by contradiction, choose the smallest positive n that has two essentially different

factorization into primes. Get a contradiction by finding a smaller one.



(4) Suppose that p is prime and b ∈ Z is arbitrary. What are the possible values of (p, b)?
(5) Suppose that a, b ∈ Z with (a, b) = 1. If a|bc, show that a|c.4
(6) Prove that if p is prime, then p has property (?).
(7) Prove Theorem 1.5.

(1) a = ±d.
(2) Then a = ±d or a|e.
(3) Suppose a has property ?. We want to show a is prime. If not, write a = de where e, d 6 ±,±a.

So 1 < |e|, |d| < |a|, which means a does not divide s or e. But a = de, so obviously a|de. This
contradicts ?.

(4) (b, p) = ±1,±p.
(5) (5) and (6) See the proof on Theorem 1.5 in the book, page 18.

F. BONUS. In the ring R[x] of polynomials over R, is there any kind of analogous theorem to
the Fundamental Fheorem of Arithmetic? What polynomials play the role of primes? In what
sense should we interpret “essentially unique”? To what extent does a version of Theorem 1.5
hold? Can you prove your statements?

4Hint: Write 1 as a linear combination of a and b (why can we do this?) and then do some algebra.


