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The Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, 21, 34,. . . is both mathematically interesting and
has a habit of showing up in nature. It is defined recursively, via the rules F0 = 0, F1 = 1, and
Fn = Fn−1 + Fn−2 for n ≥ 2. Of course, the computation of large Fibonacci numbers is a massive
pain to do directly. Here, we use matrices and show how choosing bases wisely gives a shortcut.

Let A =

[
1 1
1 0

]
.

1. Compute A2, A3, A4, A5.

2. Write a formula for An in which each entry is expressed as a Fibonacci number Fm (for
appropriate m).

3. Prove your formula using induction on n.

4. How can you compute the fifty-first Fibonacci number F51 using only matrix multiplication? Is
this practical? Suppose we could diagonalize A—that is, suppose we could find an invertible
matrix S and a diagonal matrix B such that S−1AS = B. Write An in terms of S, S−1, and
B. How does this make computing F51 easier?

5. To diagonalize A, we need to find an eigenbasis. As the first step, find the eigenvalues of
A. Set λ1 to be the larger eigenvalue and λ2 the smaller.

6. Now find corresponding eigenvectors ~v1 and ~v2. Since you may multiply an eigenvector by
a nonzero scalar and obtain another eigenvector, choose ~v1 and ~v2 so that both have second
component 1. (Hint: it’s probably better to leave everything in terms of λ1 and λ2 rather than
writing out what those are).

7. Let B = {~v1, ~v2}. What is the B-matrix B of A? What is the change-of-basis matrix S from
B to the standard basis? And what is the relationship between B, S, and A?

8. Prove (using (7)) the following closed formula for the Fibonacci numbers:

Fn =
1√
5

((
1 +
√

5

2
)n − (

1−
√

5

2
)n).

9. Use your formula to approximate F51. [Hint: note that 0 < λ2 < 1 so raising it to a large
power it becomes negligible.]

10. Prove that as n approaches infinity, the limit of Fn+1/Fn approaches 1
2(1+

√
5), or the golden

ratio.


