
Math 412. §9.1 §9.2: Classification of Finite Abelian Groups
Professors Jack Jeffries and Karen E. Smith

THEOREM 9.7: STRUCTURE THEOREM FOR FINITE ABELIAN GROUPS: Let G be a finite abelian
group. Then G is isomorphic to a group of the form

Zpa11 × Zpa22 × Zpa33 × · · · × Zpann
where p1, p2, . . . pn are (not necessarily distinct!) prime numbers. Moreover, the product is unique, up to
re-ordering the factors.

A. WARM UP.
(1) Let G be isomorphic to a product of cyclic groups of prime power order as in the Theorem above.

What is the order of G?
(2) Pretend you know nothing about groups of order 4. Given an abelian group of order 4, use the

theorem to describe the possible isomorphism types of G. Does this jive with what you actually
do know about groups of order 4.

(3) Suppose that G is abelian and has order 8. Use the Theorem to show that up to isomorphism, G
must be isomorphic to one of three possible groups (all products of cyclic groups of prime power
order).

(4) The Theorem guarantees that the three possibilities for groups of order eight you found in (3) are
non-isomorphic. How so? Verify without using the theorem (only first principles you already
know) that your three groups in (3) are non-isomorphic.

(5) Explain why the parenthetical remark (not necessarily distinct) in the statement of the structure
theorem is an important point to remember.

(1) |G| = pa1
1 p

a2
2 . . . pan

n .
(2) The only groups of order four, up to isomorphism, would be Z4 and Z2 × Z2.
(3) The abelian groups of order 8 are (up to isomorphism): Z8, Z4 × Z2 and Z2 × Z2 × Z2.
(4) We see that Z8 is the only group with an element of order 8, Z4×Z2 is the only group with an element of order

4 but not 8. Also Z2 × Z2 × Z2 is the only group on the list with all non-zero elements of order 2.

B. PRACTICE USING THE STRUCTURE THEOREM

(1) Determine the number of abelian groups of order 12, up to isomorphism.
(2) Find a list of groups such that every abelian group of order 36 is isomorphic to exactly one group

on your list.
(3) For p prime, how many isomorphism types of abelian groups of order p5?
(4) Prove that every abelian group of order 210 is cyclic. One way to do this: use the structure theorem to see

that all groups of order 210 are isomorphic.
(5) If an abelian group of order 100 has no element of order 4, prove that G contains a Klein 4-group.

(1) We can factor 12 into prime powers in two ways: 2× 2× 3 or 22 × 3. So there are two abelian groups of order
12, up to isomorphism, Z2 × Z2 × Z3 and Z4 × Z3.

(2) We can factor 36 into prime powers in four ways: 2× 2× 3× 3, 22 × 3× 3, 2× 2× 32, and 22 × 32. So every
abelian group of order 36 is isomorphic to one of the following four:

Z2 × Z2 × Z3 × Z3, Z2 × Z2 × Z9, Z4 × Z3 × Z3, Z4 × Z9.

(3) We have seven ways to write p5 as a product of prime powers: p5, p4 × p, p3 × p2, p3 × p × p, p2 × p2 ×
p, p2 × p× p× p, p× p× p× p× p. So there are 7 abelian groups of order p5 (up to isomorphism).



(4) Since 210 = 2× 3× 5× 7, any abelian group of order 210 is isomorphic to Z2 × Z3 × Z5 × Z7. In particular,
the cyclic group Z210 is isomorphic to this one, and so every abelian group of order 210 is isomorphic to both.

(5) An abelian group of order 100 that does not contain an element of order 4 must be isomorphic to either Z2 ×
Z2 × Z25, or Z2 × Z2 × Z5 × Z5. The first contains the Klein 4-group {(a, b, 0) | a, b ∈ Z2}, and the second
contains the Klein 4-group {(a, b, 0, 0) | a, b ∈ Z2}.

C. Fix an abelian group G.

(1) Suppose that H and K are subgroups of G such that H ∩ K = {eG}. Prove1 that there is an
injective homomorphism

H ×K
φ→ G (h, k) 7→ hk.

.
(2) Suppose G has order pq where p and q are distinct primes. Show using (1) (not the structure

theorem) that G ∼= Zp × Zq.

(1) It suffices to show kerφ = {eH×K}. Take arbitrary (h, k) ∈ kerφ. So hk = eG. This means that k = h−1 ∈ H
since H is closed under inverse (being a subgroup). So k ∈ K ∩H = {eG}, which means that k = eG = eK ,
and also h = eG = eH . So the kernel is {(eH , eK)} and φ is injective.

(2) Our strategy will be to use (1). We claim that if we can find an element h of order p and an element k of order
q, then G ∼= H ×K where H ∼= Zp denotes the subgroup generated by h and K ∼= Zq denotes the subgroup
generated by k. For in this case, Lagrange’s Theorem tells us that any element of H ∩ K must have order
dividing both p and q; since the only positive integer with this property is 1, we have H ×K = {eG}. Now by
(1), there is an injective homomorphism H ×K ↪→ G between groups of the same size, so by the pigeon hole
principle, it is a bijection.
It remains to show that G contains elements of orders p and q both. First note that the possible orders of
(non-identity) elements of G are p, q and pq by Langrange’s theorem. It can’t be the case that all non-identity
elements have order pq, because if g ∈ G has order pq, then gq has order p and gp has order q. Suppose (without
loss of generality) that h ∈ G has order p, and let H be the subgroup it generates. Note that |H| = p, and
that H is normal (all subgroups of G are normal because G is abelian). The quotient group has order q, since
|G| = |H||G/H|. So the quotient group is cyclic of order q. Let kH ∈ G/H be a non-identity element.
Since it has order q, we know (kH)q = kqH = H (don’t forget that the identity element of G/H is the coset
eH = H!). In particular, kq ∈ H . But the elements of H have order 1 or q (as elements of G). If kq has order
1, then kq = eG, and k ∈ G has order q or kpq = eG. In this case, kp has order q. So any abelian group of order
pq has an element of order p and an element of order q. This completes the proof.

D. Let G be a finite abelian group of order n.

(1) Suppose that a prime p divides n. Let G(p) be the subset of G consisting of elements whose
orders are a power of p (note that 1 = p0). Prove that G(p) is a subgroup of G.

(2) Suppose that p and q are distinct primes dividing n = |G|. Prove that G(p) ∩G(q) = ∅.
(3) Prove that if n = qe11 . . . qett is the factorization of |G| into distinct prime powers, then there is an

injective homomorphism G(q1)×G(q2)× · · · ×G(qt) ↪→ G. [Use induction and C.]
(4) Suppose that pe is the largest power of p dividing n. Show that G(p) has order pe. [Hint: If not,

show that the quotient group G/G(p) contains an non-identity element gG(p) of order a positive power of p. Show
that any g ∈ G representing this coset has order a power of p, so must be in G(p).]

(5) Use (4) to show that the map in (3) is an isomorphism.

1from first principles, not using the structure theorem.



(1) Let G(p) be the subset of G consisting of elements whose orders are a power of p. Note that G(p) is non-empty
since |e| = p0. Take g, h ∈ G(p), and suppose |g| = pa and |h| = pb. Then (gh)p

a+b

= (g)p
a+b

(h)p
a+b

since
the group is abelian. So (gh)p

a+b

= (gp
a

)p
b

(hp
b

)p
a

= e. This says that |gh| divides pa+b and so is a power
of p. So gh ∈ G(p). Finally, if g has order pa, then so does g−1, as we can see by multiplying both sides of
gp

a

= e by (g−1)p
a

. So G(p) is a subgroup.
(2) All elements of G(p) have order 1 or a power of p, and all elements of G(q) have order 1 or a power of q. Since

p and q are distinct, an element in both must have order 1. So G(p) ∩G(q) = {eG}.
(3) We use induction on t and Problem C (1). The case where t = 1 is trivial. When t = 2, this is C (1). So let

H = G(q1) and K = G(q2)× · · · ×G(qt). By induction on t, we know K can be identified with a subgroup of
G of order qe22 q

e3
3 . . . qett . This group has trivial intersection withG(q1) again because the non-identity elements

have order a power of q1, so can not divide |K|. So by C (1), H ×K ↪→ G sending (h, k) 7→ hk is an injection.
(4) Suppose pe is the largest power dividing n. The group G(p) is normal (since G is abelian), so consider the

quotient G/G(p). If pe < |G(p)|, then the quotient has order divisible by p.

E. Prove the uniqueness part of the theorem; that is, show that if two groups of the form

Zpa11 × Zpa22 × Zpa33 × · · · × Zpann and Z
q
b1
1
× Z

q
b2
2
× Z

q
b3
3
× · · · × Zqbmm

(where p1, p2, . . . pn and q1, q2, . . . qm are (not necessarily distinct!) prime numbers) are isomorphic, then
the list pa11 , pa22 , . . . pann and qb11 , qb22 , . . . qbmm are the same, up to reordering.

F. BONUS: PROOF OF THE STRUCTURE THEOREM:
(1) Use Problem D to reduce the proof of the Theorem to the case where |G| = pn, where p is prime.
(2) Assume |G| = pn. Show by inductive on n that G ∼= Zpn1 × Zpn2 × · · ·Zpnd , for some integers

n1, . . . , nt. [Use the following Lemma: Choose an element g ∈ G of maximal order. Then G ∼= 〈g〉×H for some
subgroup H . To prove the lemma, choose h /∈ 〈g〉 of minimal order. Show that 〈g〉 ∩ 〈h〉 = {eG}. Consider the
canonical quotient map π : G → G/〈h〉. Inside the quotient, consider the subgroup generated by g. It’s preimage
under π can H can be taken to be the subgroup H in the statement of the Lemma.]

(3) Put all the pieces together into an organized proof of the structure theorem.


