
Math 412. §6.2 §6.3 The First Isomorphism Theorem.
Professors Jack Jeffries and Karen E. Smith

NOETHER’S FIRST ISOMORPHISM THEOREM: Let R
φ−→ S be a surjective homomorphism

of rings (with identity). Let I be the kernel of φ. Then R/I is isomorphic to S.

A: Consider the canonical homomorphism:
Z→ Zn a 7→ [a]n

(1) Make sure everyone in your group can clearly and concisely explain why this map is a
surjective ring homomorphism.

(2) Compute the kernel.
(3) Verify the first isomorphism theorem.

B : Fix any real number a. Consider the evaluation map

R[x]→ R f 7→ f(a)

(1) Make sure you understand why the evaluation map is a surjective ring homomor-
phism.

(2) Compute the kernel. Find a generating set. Express the ideal carefully in set notation.
(3) Let I be the ideal of R[x] generated by (x − 1). Use the first isomorphism theorem to

prove that R[x]/(x− 1) is isomorphic to R.

C : Let i be the complex number
√
−1. Consider the ring homomorphism

φ : R[x]→ C f 7→ f(i)

(1) Prove that φ is surjective.
(2) Prove that x2 + 1 ∈ kerφ.
(3) Prove that the kernel contains no (non-zero) polynomial of degree less than two.
(4) Prove that x2 + 1 generates kerφ.
(5) Explain how to think about the complex numbers as a quotient of the polynomial ring

R[x].

D : Let n and m be integers.
(1) Find a ring homomorphism φ : Z→ Zn × Zm. Are there any others?
(2) Prove that if m and n are relatively prime your ring homomorphism φ is surjective.1

(3) Compute the kernel of your homomorphism.
(4) Prove that if m and n are relatively prime, then Zmn ∼= Zn × Zm. Describe an isomor-

phism.
(5) If m and n are distinct primes, prove that Zmn has exactly (m− 1)(n− 1) units.

E : Let f ∈ F[x] be a polynomial of degree d. Consider the quotient ring R = F[x]/(f).
(1) Suppose f factors as f = gh where g and h have strictly smaller degree than f . Prove

that the congruence class g + (f) is a zero divisor in R.
(2) State and prove a necessary and sufficient condition for R = F[x]/(f) to be a domain.
(3) Prove that if f is irreducible and g is arbitrary, then the greatest common divisor (f, g) =

1 unless f |g.

1Recall the Chinese Remainder Theorem (Thm 14.2): Fix m and n relatively prime integers. For any a, b ∈ Z,
there is always a solution to the pair of congruences x ≡ a mod n and x ≡ b mod m.



(4) Prove that if the greatest common divisor (f, g) = 1, then the class g + (f) is a unit in
R = F[x]/(f). Clearly state the relevant theorems you use.

(5) Prove that R = F[x]/(f) is a field if and only if f is an irreducible polynomial.

F : An ideal I in a commutative ring R is prime if whenever rs ∈ I , it follows that either r ∈ I
or s ∈ I .

(1) Prove that I is prime if and only if R/I is a domain.
(2) Find all prime ideals in Z.
(3) Find all prime ideals in R[x].

G : Fix a field F. Let f, g ∈ F[x] be relatively prime polynomials. Prove that there is an
isomorphism F[x]/(fg)→ F[x]/(f)× F[x]/(g).

Hint: Remember that F[x] is like Z and try to mimic the proof for Z (D above).


