
Math 412. §6.2 §6.3 More Practice with the First Isomorphism Theorem.
Professors Jack Jeffries and Karen E. Smith

NOETHER’S FIRST ISOMORPHISM THEOREM: Let R
φ−→ S be a surjective homomorphism

of rings (with identity). Let I be the kernel of φ. Then R/I is isomorphic to S.

A: Let R be the ring Z12.
(1) Find all ideals ofR, and arrange them in a diagram which show the various containments

between them.
(2) An ideal is maximal if it is proper and the only ideal containing it is the whole ring.

Find all maximal ideals of Z12.
(3) How many elements are in each of the ideals in your diagram in (1)?
(4) Compute the Quotient rings of Z12 by each of the ideals in your diagram. By this, I

mean find an isomorphism with a more familiar ring.
(5) For each I ⊂ R, note that the number of elements in I times the number of elements in

R/I is always 12. Why?

B : Let C0 be the ring of all continuous functions on the real line. Let I ⊂ C0 be the ideal
of functions that vanish on the closed interval [0, 17]. Prove that the quotient ring C0/I is
isomorphic to the ring C0[0, 17] of continuous functions on [0, 17].

C : Let R1 and R2 be rings, and let S = R1 ×R2.
(1) Show that π : S → R2 sending (r1, r2) 7→ r2 is a ring homomorphism.
(2) Compute the kernel of π. Call it I .
(3) Prove that S/I ∼= R2.
(4) Find an ideal J of S such that S/J ∼= R1.

D : An ideal I in a commutative ring R is prime if whenever rs ∈ I , it follows that either r ∈ I
or s ∈ I .

(1) Prove that I is prime if and only if R/I is a domain.
(2) Find all prime ideals in Z.
(3) Find all prime ideals in R[x].

E : Fix a field F. Let f, g ∈ F[x] be relatively prime polynomials. Prove that there is an
isomorphism F[x]/(fg)→ F[x]/(f)× F[x]/(g).

Hint: Remember that F[x] is like Z and try to mimic the proof for Z (on the worksheet last time).


