
Math 412. §6.2 §6.3 More Practice with the First Isomorphism Theorem.
Professors Jack Jeffries and Karen E. Smith

NOETHER’S FIRST ISOMORPHISM THEOREM: Let R
φ−→ S be a surjective homomorphism

of rings (with identity). Let I be the kernel of φ. Then R/I is isomorphic to S.

A: Let R be the ring Z12.

(1) Find all ideals ofR, and arrange them in a diagram which show the various containments
between them.

(2) An ideal is maximal if it is proper and the only ideal containing it is the whole ring.
Find all maximal ideals of Z12.

(3) How many elements are in each of the ideals in your diagram in (1)?
(4) Compute the Quotient rings of Z12 by each of the ideals in your diagram. By this, I

mean find an isomorphism with a more familiar ring.
(5) For each I ⊂ R, note that the number of elements in I times the number of elements in

R/I is always 12. Why?

There are six distinct distinct ideals in Z12, namely Z12, ([2]), ([3]), ([4]), ([6]), ([0]).
Note that Z12 = (1) = (5) = (7) = (11) (dropping the notation for the classes, for ease of type-setting).

The reason is that [1], [5], [7], [11] are UNITS in Z12 so the generate the whole ring. (To see that they are
units: don’t forgot [d] is a unit in Zn if and only if d and n are relatively prime. ) The maximal ideals are (2)
and (3). The ideal ([2]) contains 6 elements {[0], [2], [4], [6], [8], [10]}. and the ideal (3) contains 4 element
{[0], [3], [6], [9]}. Note also that (2) = (10) and (3) = (9).

The ideal (4) = {[0], [4], [8]} is contained in (2) but not (3). Also (4) = (8).
The ideal (6) = {[0], [6]} is contained in both (2) and (3) but not (4).
The ideal (0) contains only the element 0, and is contained in all ideals.
To make sure we really have ALL the ideals, we should observe that any ideal of Zn is PRINCIPAL,

meaning that it can be generated by 1 one. For example, the ideal generated by {[10], [6]} is actually just the
ideal ([2]). The reason is that in Z, the Z-linear combinations of 10 and 6 are just the multipes of their GCD,
2. So this works in Zn as well, for any n.

To compute the QUOTIENT rings: we divide Z12 up into congruence classes in the six different ways, one
for each choice of distinct ideals.

For each I , the elements of the quotient ring R/I are the congruence classes mod I . Remember [n]12 ≡
[m]12 mod I if and only if [n]12 − [m]12 ∈ I.

There are six cases
(1) Case I = 0. The quotient ring Z12/(0) has twelve elements, and is just Z12, since [n]12 ≡ [m]12

mod 0 if and only if [n]12 − [m]12 = 0. So every element is alone in its class.
(2) Case I = (6) = {[0], [6]}. We know that [n]12 ≡ [m]12 mod (6) if and only if [n]12− [m]12 ∈ (6).

This means [n]12 ≡ [m]12 mod (6) if and only if [n]12 − [m]12 = [0] or [6]. So the elements of
Z12/(6) are the classes

[[0]12]6 = {[0], [6]}, [[1]12]6 = {[1], [7]}, [[2]12]6 = {[2], [8]},
[[3]12]6 = {[3], [9]}, [[4]12]6 = {[4], [10]}, [[5]12]6 = {[5], [11]},

(3) Case I = (4) = {[0], [4], [8]}. We know that [n]12 ≡ [m]12 mod (4) if and only if [n]12 − [m]12 ∈
(4). This means [n]12 ≡ [m]12 mod (4) if and only if [n]12− [m]12 is a multiple of (4) in Z12. The
elements of Z12/(4) are the classes

[[0]12]4 = {[0], [4], [8]}, [[1]12]4 = {[1], [5], [9]}, [[2]12]4 = {[2], [6], [10]}, [[3]12]4 = {[3], [7], [11]},
(4) Case I = (3) = {[0], [3], [6], [9]}. The elements of Z12/(3) are the classes

[[0]12]3 = {[0], [3], [6], [9]}, [[1]12]3 = {[1], [4], [7], [10]}, [[2]12]3 = {[2], [5], [8], [11]},



(5) Case I = (2) = {[0], [2], [4], [6], [8], [10]}. The elements of Z12/(2) are the classes

[[0]12]2 = {[0], [2], [4], [6], [8], [10]}, [[1]12]2 = {[1], [3], [5], [7], [9], [11]}.
In each case, for d a divisor of 12, there is an isomorphism Z12/(d) ∼= Zd. We can see it directly above.

Or we can use the first isomorpshim theorem: there is a surjective ring homomorphism

Z12 → Zd [x]12 7→ [x]d

whose kernel is ([d]) ⊂ Z12. So Z12/(d) ∼= Zd.

B : Let C0 be the ring of all continuous functions on the real line. Let I ⊂ C0 be the ideal of functions that vanish
on the interval [0, 17]. Prove that the quotient ring C0/I is isomorphic to the ring C0[0, 17] of continuous functions
on [0, 17].

There is a natural ring homomorphism

C0 → C0[0, 17] f 7→ f|[0.17]

given by restricting the domain of the function to the interval [0, 17]. It is surjective, since we can extend
any continuous function on the domain [0, 17] more-or-less arbitrarily to a continuous function on all of R
(imagine extending the graph so the source is all of R; you can do this without lifting the pencil.) By the first
isomorphism theorem, C0/I ∼= C0[0, 17].

C : Let R1 and R2 be rings, and let S = R1 ×R2.
(1) Show that π : S → R2 sending (r1, r2) 7→ r2 is a ring homomorphism.
(2) Compute the kernel of π. Call it I .
(3) Prove that S/I ∼= R2.
(4) Find an ideal J of S such that S/J ∼= R1.

(1) Check
(a) π : S → R2 satisfies π((r1, r2) + (r′1, r

′
2)) = π(r1, r2) + π(r′1, r

′
2)). But this is true since the

left hand side is π((r′1 + r′1, r2 + r′2)) = r2 + r′2, and the righthand side is r2 + r′2.
(b) π : S → R2 satisfies π((r1, r2) · (r′1, r′2)) = π(r1, r2) ·π(r′1, r′2)). But this is true since the left

hand side is π((r′1 · r′1, r2 · r′2)) = r2 · r′2, and the righthand side is r2 · r′2.
(c) π((1, 1)) = 1. Clear.

(2) The kernel is {(r, 0) | r ∈ R1}.
(3) By the first isomorphism theorem: π is surjective, so S/I ∼= R2.
(4) Similarly, for J = {(0, s) | s ∈ R2}, S/J ∼= R1.

D : An ideal I in a commutative ring R is prime if whenever rs ∈ I , it follows that either r ∈ I or s ∈ I .
(1) Prove that I is prime if and only if R/I is a domain.
(2) Find all prime ideals in Z.
(3) Find all prime ideals in R[x].

(1) This is Theorem 6.14 in the book, page 103. Suppose that I is prime. To show that R/I is a domain,
take two elements, a + I and b + I . Assume their product ab + I is the zero class of R/I . This
means ab ∈ I . By definition of prime, we have a ∈ I or b ∈ I . But in the first case, we have a + I
is the zero class of R/I and in the second b+ I is the zero class of R/I . So R/I is a domain.
Conversely, assume that R/I is a domain. We need to show I is prime. Suppose for some a, b ∈ R,
we have ab ∈ I . This means that in the quotient ring, the classes (a+ I)(b+ I) = (0 + I). That is
these elements of R/I multiple to zero. Since R/I is a domain, one or the other must be zero. So,
say the class a + I = 0 + I . This means that a − 0 ∈ I , that is, that a ∈ I . This shows that I is
prime.



(2) Using (1), the prime ideals are the ideals whose quotient is a domain. These are (0) and the ideals
(p) generated by prime numbers.

(3) The prime ideals in R[x] are those generated by an irreducible polynomial, and (0). This follows
from (1), or you can use Theorem 5.10 on page 135.

E : Fix a field F. Let f, g ∈ F[x] be relatively prime polynomials. Prove that there is an isomorphism F[x]/(fg)→
F[x]/(f)× F[x]/(g).

Hint: Remember that F[x] is like Z and try to mimic the proof for Z (on the worksheet last time).

See Theorem 5.10 on page 135, where this is proved.


