
Math 412. §6.2 §6.3 The First Isomorphism Theorem.
Professors Jack Jeffries and Karen E. Smith

NOETHER’S FIRST ISOMORPHISM THEOREM: Let R
φ−→ S be a surjective homomorphism

of rings (with identity). Let I be the kernel of φ. Then R/I is isomorphic to S.

A: Consider the canonical homomorphism:
Z→ Zn a 7→ [a]n

(1) Make sure everyone in your group can clearly and concisely explain why this map is a
surjective ring homomorphism.

(2) Compute the kernel.
(3) Verify the first isomorphism theorem.

(1) We’ve proved this multiple times but no shame if it is not clear: Please come talk to me if you are
unsure.

(2) The kernel is (n), the ideal of multiples of n.
(3) The first isomorphism theorem says that the quotient ring Z/(n) is isomorphic to Zn. This is indeed

true: you proved it on the last worksheet in the first problem. Even more than isomorphic: these are
literally the same set of sets (congruence classses mod n).

B : Fix any real number a. Consider the evaluation map

R[x]→ R f 7→ f(a)

(1) Make sure you understand why the evaluation map is a surjective ring homomor-
phism.

(2) Compute the kernel. Find a generating set. Express the ideal carefully in set notation.
(3) Let I be the ideal of R[x] generated by (x − 1). Use the first isomorphism theorem to

prove that R[x]/(x− 1) is isomorphic to R.

(1) Please come talk to me if you are unsure why this is a ring homomorphism. To prove it is surjective:
take arbitrary λ ∈ R (the target). Let f(x) ∈ R[x] (the source) be the constant polynomial f(x) = λ.
Then the evaluation map sends f to λ. So it is surjective.

(2) The kernel is {f ∈ R[x] | f(a) = 0}. By the Remainder theorem, f(a) = 0 if and only if (x− a) is
a factor of f . This means the kernel is {(x− a)g(x) | g ∈ R[x]}. So (x− a) is a generator.

(3) Apply the first isomorphism theorem to the evaluation map R[x] → R f 7→ f(1). The kernel is
(x− 1) so the quotient ring R[x]/(x− 1) ∼= R.
It is a good idea to think about why this makes sense. Each class in R[x]/(x − 1) is uniquely
represented by the common remainder of the elements in it when divided by (x−1) (from worksheet
last time). These remainders have degree less than 1 (the degree of x − 1). So they are constant
polynomials. So it makes sense that R[x]/(x − 1) is basically the constants R. (Do you see why?)
Even better: when we identify the class of f with the remainder after dividing by (x − 1), we get
f(1) by the Remainder theorem. This is the evaluation map!

C : Let i be the complex number
√
−1. Consider the ring homomorphism

φ : R[x]→ C f 7→ f(i)

(1) Prove that φ is surjective.
(2) Prove that x2 + 1 ∈ kerφ.
(3) Prove that the kernel contains no (non-zero) polynomial of degree less than two.



(4) Prove that x2 + 1 generates kerφ.
(5) Explain how to think about the complex numbers as a quotient of the polynomial ring

R[x].

(1) Take arbitrary a+bi in the target C. The polynomial a+bx in the source satisfies φ(a+bx) = a+bi,
so φ is surjective.

(2) φ(x2 + 1) = i2 + 1 = 0. So x2 + 1 ∈ kerφ.
(3) Take arbitrary a+ bi of degree one or less. Apply φ to get φ(a+ bx) = a+ bi which is not the zero

complex number unless a = b = 0. So no non-zero element of degree one or less is in the kernel.
(4) We need to prove kerφ = (x2 +1). First we show (x2 +1) ⊂ kerφ. Take arbitrary g(x)(x2 +1) ∈

(x2 + 1). SInce the kernel is an ideal and x2 + 1 ∈ kerφ, every multiple of x2 + 1 ∈ kerφ. So
(x2 + 1) ⊂ kerφ. For the other direction: Take f ∈ kerφ. Use the division algorithm to write
f = (x2 + 1)q(x) + r(x) where r = 0 or degree r < 2. We need to show r = 0. Apply φ:
φ(f) = φ(x2 + 1)φ(q) + φ(r). SInce f and x2 + 1 are in the kernel, we see that 0 = 0φ(q) + φ(r).
So φ(r) = 0. But the kernel has no element of degree 1 or less! So r = 0. This means f ∈ (x2 +1).
So kerφ ⊂ (x2 + 1).

(5) The map φ is a surjective ring homomorphism and the kernel is (x2 + 1). So the first isomorphism
theorem says that C ∼= R[x]/(x2 + 1).

D : Let n and m be integers.
(1) Find a ring homomorphism φ : Z→ Zn × Zm. Are there any others?
(2) Prove that if m and n are relatively prime your ring homomorphism φ is surjective.1

(3) Compute the kernel of your homomorphism.
(4) Prove that if m and n are relatively prime, then Zmn ∼= Zn × Zm. Describe an isomor-

phism.
(5) If m and n are distinct primes, prove that Zmn has exactly (m− 1)(n− 1) units.

(1) Define φ : Z→ Zn × Zm by φ(x) = ([x]n, [x]m). It is easy to check that this is an homomorphism
(do it!). Note that because 1 7→ ([1]n, [1]m), the entire mapping is completely determined! Every
element of Z is either 1 + 1 + · · · + 1 (x times say, to get x) or the additive inverse of this, and
ring homomorphisms respect addition, we know x = 1 + 1 + · · · + 1 MUST go to ([1]n, [1]m) +
([1]n, [1]m) + · · · + ([1]n, [1]m) = ([x]n, [x]m) (and similarly for −x). This argument shows that
there is ONLY ONE homomorphism from Z to any ring, in fact.

(2) To show φ is surjective, take any ([a], [b]) ∈ Zn × Zm. We need to find x ∈ Z such that [x]n = [a]n
and [x]m = [b]m. That is, we need x ∈ Z such that x ≡ a mod n and y ≡ b mod m. The Chinese
Remainder Theorem exactly says that when (m,n) = 1, such an x always exists! So the map is
surjective.

(3) We claim the kernel is (mn). Note that obviously mn ∈ kerφ, and since kerφ is an ideal, also
all multiples of mn are in kerφ. So (mn) ⊂ kerφ. For the other direction, take f ∈ kerφ. This
means φ(f) = ([f ]n, [f ]m) = ([0]n, [0]m). This means that m|f and n|f . So thinking about the
prime factorization of f , we see that all the primes in m appear in f (with at least that multiplicity)
and likewise, all the primes of n appear in f (with multiplicity). So because m and n are relatively
prime, no prime is in both, so mn|f . This says f ∈ (mn) so ker f ⊂ (mn).

(4) The kernel of φ is (mn) and φ is surjective. So the first isomorphism theorem says that Zmn =
Z/(mn) ∼= Zn × Zm.

(5) The units in Zmn are in bijection with the units of the isomorphic ring Zn × Zm. Here, because m
and n are prime, both rings Zn and Zm are fields. So for all a, b 6= 0 the element (a, b) ∈ Zn × Zm

is a unit: its inverse is (a−1, b−1). There are (m− 1)(n− 1) of these. On the other hand, it is easy to
see that there are no more units: Say a = 0. Then (a, b)(x, y) = (0, by) clearly can’t be (1, 1). The
argument is similar if b = 0.

1Recall the Chinese Remainder Theorem (Thm 14.2): Fix m and n relatively prime integers. For any a, b ∈ Z,
there is always a solution to the pair of congruences x ≡ a mod n and x ≡ b mod m.



E : Let f ∈ F[x] be a polynomial of degree d. Consider the quotient ring R = F[x]/(f).
(1) Suppose f factors as f = gh where g and h have strictly smaller degree than f . Prove

that the congruence class g + (f) is a zero divisor in R.
(2) State and prove a necessary and sufficient condition for R = F[x]/(f) to be a domain.
(3) Prove that if f is irreducible and g is arbitrary, then the greatest common divisor (f, g) =

1 unless f |g.
(4) Prove that if the greatest common divisor (f, g) = 1, then the class g + (f) is a unit in

R = F[x]/(f). Clearly state the relevant theorems you use.
(5) Prove that R = F[x]/(f) is a field if and only if f is an irreducible polynomial.

(1) gh = f means [gh] = [g][h] = [f ] = [0]. Note that since g, h have degree less than f , neither one
is in (f), so the classes [g] = g + (f) and [h] = h + (f) are non-zero. So [g] = g + (f) is a zero
divisor.

(2) R = F[x]/(f) is a domain if and only if f is irreducible. Proof: Say f is NOT irreducible. Then
f = gh, where g, h are not constant polynsomials, so by (1), [g][h] = 0 and R is not a domain. For
the converse, say f is irreducible. Take classes [g] and [h] in R = F[x]/(f) whose product is zero.
This means [g][h] = [gh] = 0. So gh ∈ (f). So f |(gh). But f is IRREDUCIBLE, so it must divide
g or h. So [g] or [h] is zero.

F : An ideal I in a commutative ring R is prime if whenever rs ∈ I , it follows that either r ∈ I
or s ∈ I .

(1) Prove that I is prime if and only if R/I is a domain.
(2) Find all prime ideals in Z.
(3) Find all prime ideals in R[x].

G : Fix a field F. Let f, g ∈ F[x] be relatively prime polynomials. Prove that there is an
isomorphism F[x]/(fg)→ F[x]/(f)× F[x]/(g).

Hint: Remember that F[x] is like Z and try to mimic the proof for Z (D above).


