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One of the most powerful uses of the idea of an inner product spaces is to approximate functions
by much nicer classes of functions, such as polynomials or trigonometric functions.

A. Polynomial Functions Let C0([−1, 1]) be the space of continuous functions on, say, the interval
[−1, 1].

1. What is the dimension of the vector space C0?.

2. Explain why the space of all polynomials P is a subspace of C0, and why each space Pn of
polynomials of degree ≤ n is a subspace of C0.

3. Prove that 〈f, g〉 = 1
2

∫ 1
−1 fg dx defines an inner product on C0 (state carefully any facts you

need from calculus but you do not need to prove them).

4. What is the distance between xn and xm in this inner product space, for arbitrary n,m ∈ N .
What makes xn and xm closer together or further apart?

5. Show that (1, (
√

3)x) is an orthonormal basis for P1.

6. Write a formula (involving integrals) for the projection C0 → P1 of an arbitrary continuous
function onto P1. Explain how this lets us compute the “closest linear function1 to the
function f” on the interval [−1, 1].

B. Trigonometric Functions Consider the inner product 〈f, g〉 = 1
2π

∫ π
−π fg dx on the space of

continuous functions on the interval [−π, π].

1. In what way is this different or the same as the inner product space on page 1?

2. Using facts about even and odd functions, show that sin px and cos qx are orthogonal, where
p, q ∈ N.

3. For positive integers p 6= q, show that sin px and sin qx are orthogonal. [Hint: first prove the
identity sin(mx) sin(nx) = 1

2 cos(m− n)x− cos(m+ n)x using the formula2 for cos(α+ β)]

4. For positive integers p 6= q, show that cos px and cos qx are orthogonal.

5. Prove that
∫ π
−π cos2(nx)dx =

∫ π
−π sin2(nx)dx. [Hint: Use the fact that cos(θ) = sin(θ + π

2 ).

6. Prove that
∫ π
−π cos2(nx)dx = π. [Hint: Use the fact that sin2(θ) + cos2(θ) = 1.]

7. Prove that the functions 1, sinx, cosx, sin 2x, cos 2x, . . . , sinnx, cosnx are orthonormal.

1Here, by linear function, I mean in the high school sense of g(x) = mx+ b
2You derived this formula for cos(α+ β) on a worksheet, now listed under ”extra worksheets.”



Definition: The space of trigonometric polynomials of order ≤ n is the subspace of C0 spanned
by the functions 1, sinx, cosx, sin 2x, cos 2x, . . . , sinnx, cosnx. We denote this space Tn.

9. Describe an orthonormal basis for Tn.

10. What is the dimension of Tn? Justify.

C. Approximating functions by linear functions.

1. Using the inner product space from A, and the work you did there, compute the closest linear
function (in the high school sense) to the following functions (with source [−1, 1]), and sketch
pictures to see if it makes sense.

(a) f(x) = |x|,
(b) f(x) = mx+ b

(c) f(x) = x2.

(d) f(x) = sinx (when all else fails in computing integrals, a general rule of thumb is: try
integration by parts!).

2. In calculus, we also compute linear approximations of a function a point of its domain (using
the derivative at the point as the slope). Is this the same as what is happening here? What is
the difference? For what kinds of purposes might one approximation by better than another?

3. Set up a formula (but don’t do the calculation!) for finding the closest quadratic function to
an arbitrary continuous function on [−1, 1] using this inner product.

D. Using the inner product and the work you did in B, compute the closest trigonometric function
of order 1 to the following functions (with source [−π, π]).

1. f(x) = sinx

2. f(x) = |x| (when all else fails in computing integral, try integration by parts).

3. f(x) = x2

4. f(x) = mx+ b.


