
Math 412. 4.6 Fundamental Theorem of Algebra
Professors Jack Jeffries and Karen E. Smith

FUNDAMENTAL THEOREM OF ALGEBRA: Every non-constant polynomial in C[x] has a root.

DEFINITION: The conjugate of a complex number a + bi ∈ C[x] is a− bi. We write z for the
conjugate of z.

THEOREM 4.30: The irreducible polynomials in R[x] have degree at most two.

WARM-UP: Use the theorems above to answer T/F:
(1) The polynomial x2 + x+ 1 has a root in C.
(2) The polynomial x8 + 7x4 + 17 is irreducible in C[x].
(3) The polynomial x8 + 7x4 + 17 is irreducible in R[x].
(4) The polynomial x8 + 17 has a root in C but not in R.
(5) The polynomial x8 +4x6 +17 factors in R[x] into a product of four irreducible polyno-

mials all of degree two.

A. Assuming the Fundamental Theorem of Algebra, prove the corollary: A non-constant poly-
nomial in C[x] is irreducible if and only if it has degree 1.

B. Prove that the map
C→ C z 7→ z

is a ring homomorphism. Is it an isomorphism?

C. For this problem Do not assume Theorem 4.30. You will prove it as a Corollary of the
Fundamental Theorem of Algebra.

(1) Let λ ∈ C be a root of a polynomial ax2 + bx + c ∈ R[x]. Prove that λ is also a root.
Use the conjugation isomorphism.

(2) Prove that for any polynomial f ∈ R[x], if λ ∈ C is a root, then so is λ.
(3) Prove that for any complex number λ, the polynomial (x−λ)(x−λ) has real coefficients.
(4) Let f(x) ∈ R[x]. Suppose that λ ∈ C\R is a root. Show that we can factor f as f = gh

in C[x] where h is the polynomial in (3).
(5) Prove Theorem 4.30.1

1HINT: There are two ways to finish the proof:
(a) One way: Use the division algorithm in R[x] to divide f by h. What is the remainder? Now use the division

algorithm in C[x] to divide f by h. What is the remainder? Find a contradiction to the uniqueness part of the
division algorithm.

(b) A different way: With notation as in (4), show each coefficient of g is actually real. You might want to start
with the constant term and work your way up by induction.


