
Math 412. The Galois Group
Professor Karen E. Smith

Let K be a field, and let F be a subfield. We also say that K is an EXTENSION field of F .

DEFINITION: The degree of a field extension F ↪→ K, denoted [K : F ], is the dimension of K as an
F -vector space.

A. Given an extension of fields F ↪→ K, explain how K has a vector space structure over F .

B. Compute the dimension of the following field extensions:
(1) R ↪→ C
(2) Q ↪→ Q(

√
2).

(3) Q ↪→ R.

C. Let β = 3
√
2, and let Q(β) denote the smallest subfield of R containing both Q and β.

(1) Explain why there is a ring homomorphism

Q[x]→ R
which sends f(x) 7→ f(β).

(2) Prove that the kernel is generated by x3−2. [Hint: Remember that every ideal of Q[x] is principal.
How can we easily check that a degree three polynomial is irreducible in Q[x].]

(3) Prove that Q[x]/(x3 − 2) is isomorphic to a subfield of R, using the first isomorphism theorem.
(4) Prove that Q[x]/(x3 − 2) ∼= Q(β).
(5) Compute the degree of Q(β) over Q.

DEFINITION: Fix a field F and an extension K. An F-automorphism of K is a self-isomorphism
K

γ−→ K of the field K which fixes F .

DEFINITION: The Galois of a field extension F ↪→ K, denoted Gal(K/F ), is the group of all F -
automorphisms of K (under composition).

D.
(1) Prove that conjugation is an R-automorphism of C.
(2) Prove that if K

γ−→ K is an F -automorphism of K, then also K
γ−→ K is an F -linear transfor-

mation.
(3) Explain why Gal(K/F ) really is a group under composition.
(4) Let GL(K/F ) denote the set of invertible F -linear transformations of the vector space K over

the scalar field F . Explain how this is group.
(5) Explain why Gal(K/F ) is a subgroup of GL(K/F ).

E.
(1) Show that the Galois group of C over R is a cyclic group of order 2. [Hint: Say γ is an R-

automorphism of C. Why is the image of an element a+ bi of the source determined by γ(i)?]
(2) Let F ⊂ K be an extension. Suppose that f ∈ F [x] is a polynomial with roots in K. Prove that

if γ ∈ Gal(K/F ) and α ∈ K is a root of f , then γ(α) is also a root of f .



F. Let f ∈ Q[x] be any polynomial with coefficients in Q. Suppose that α1, α2, . . . , αn are the roots of f
(in, say, C). Let K = Q(α1, α2, . . . , αn) be the smallest field of C containing all the roots of f .

(1) Define a group homomorphism (use E (3)) Gal(K/Q) → Sn, where Sn here is the permutation
group of the roots.

(2) Prove the map is (1) is injective.
(3) Show that for any field K of the form described in (1), the Galois group Gal(K/Q) is finite.

The Fundamental Theorem of Galois Theory says that for any field extension K of the type in problem
F, there is a bijection between the set of all intermediate fields between Q and K and the set of all
subgroups of the Galois group Gal(K/Q).

An important corollary of this fact is that there can be no formula like the quadratic formula for
polynomials of higher degree. Recall that the quadratic formula says that for a quadratic polynomial
ax2 + bx+ c, there is a formula

−b±
√
b2 − 4ac

2a
for the roots in terms of the coefficients, using only the coefficients a, b, c and the field operations
+,−,×,÷ and “radicals”√ . You might wonder whether, for the polynomial ax5 + bx4 + cx3 + dx2 +
dx + e, one might also be able to write some similar formula, using perhaps 5

√ or other radicals. The
answer is NO! There do exist formulas for degree 3 and degree 4 polynomials but they are so complicated
as to be of limited use. There is no such formula, however, for the roots of degree n polynomial when
n ≥ 5. The reason is, if there were, then looking at the extension Q ⊂ K = Q(α1, . . . , α5) obtained by
adjoining those roots, such a formula would allow us to find certain kinds of intermediate fields, which
in turn, using the Fundamental Theorem of Galois Theory, would mean that the Galois group had certain
kinds of subgroups (normal subgroups!). But we can construct extensions with simple Galois groups!


