
Math 594: Orbits and Counting

Professor Karen E. Smith

A group action on a set is a map

G×X → X (g, x) 7→ gx

respecting the group structure; that is, such that the induced (adjoint) map

G→ AutSetX g 7→ [x 7→ gx]

is a group homomorphism. The action is faithful if this group homomorphism is injective. The
orbit of x, denoted orbit(x) (or Ox or G · x) is the subset of X consisting of points y ∈ X such
that there exists some g ∈ G with y = g ·x. The stabilizer of x is the subset of G of elements that
fix x. We denote it Stab(x) or Gx.

Let G be the symmetry group of the oriented solid cube C in Euclidean three space, say whose
vertices are the eight points (±1,±1,±1). Let X be the set of integer points in the cube: that is,
X = Z3 ∩ C.

1. Explain how G acts faithfully on X.

2. Describe the orbits geometrically. How many distinct orbits are there? What are their
cardinalities? What is the sum of the cardinalities of all the orbits?

3. For each x ∈ X, compute the stabilizer of x. Explain why each is a subgroup. How are the
stabilizers related for points in the same orbit?

4. For each x ∈ X, compute the product |Orbit(x)| · |Stab(x)|.

Now for an arbitrary group G acting on an arbitrary set X:

1. Prove the stabilizer of any point is a subgroup.

2. Find a bijection between the orbit of (any fixed) x ∈ X and the set G/Stab(x) of cosets of
the stabilizer of x.

3. If G is finite, prove the formula |Orbit(x)| · |Stab(x)| = |G| for any x ∈ X. (The counting
formula)

4. If x and y are in the same orbit, show that there is an isomorphism Stab(x) → Stab(y)
sending h 7→ g−1hg for some g ∈ G. That is, points in the same orbit have conjugate (and
hence isomorphic) stabilizers.

Using the counting formula to compute the order of the rotational symmetry groups of the tetra-
hedron, cube, and dodecahedron.
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