
Math 412. Group Actions
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Let X be any set and let G be any group. We say that the group G acts on X if there
is a map

G×X → X

denoted by
(g, x) 7→ g · x,

satisfying the following two axioms:
(1) h · (g · x) = (h ◦ g) · x for all g, h ∈ G and all x ∈ X; and
(2) eG · x = x for all x ∈ X .

Fix an action of a group G on a set X . Consider a point x ∈ X .

DEFINITION: The orbit of x is the subset of X

O(x) := {g · x | g ∈ G} ⊂ X.

+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++

A. Let S4 be the group of permutations of the set {1, 2, 3, 4}. There is a canonical action of S4 on
the set X = {1, 2, 3, 4} defined by g · x = g(x).

(1) Verify that this is a group action.
(2) Find the orbit of the element 4 ∈ X . Are any two elements of X in the same orbit?
(3) Let Y be the set of subsets of {1, 2, 3, 4}. Describe a natural action of S4 taking every

subset of {1, 2, 3, 4} to another. Verify that your action satisfies the axioms of an action.
(4) Find the orbit of the set {1} ∈ Y under the action of S4 you described in (3). What is the

cardinality of this orbit?
(5) Find the orbit of {1, 2} ∈ Y . What is the cardinality of this orbit?
(6) A fixed point is a point x ∈ Y such that g · x = x for all g ∈ G. Does Y have any fixed

points under this action?
(7) The action of S4 on Y partitions Y up into disjoint orbits. Describe these.

(1) Clear, since each element acts by the bijection it is. More explicitly, we can check each of the two
axioms for a group axiom:

(a) The bijection e is the identity map, so e · x = e(x) = x for all x ∈ X .
(b) Let f, g ∈ S4. Let x ∈ {1, 2, 3, 4}. Then f ·(g·x) = f ·(g(x)) = f(g(x)) = (f◦g)(x) = (f◦g)·x.

So the second axiom holds as well.
(2) The orbit of 4 is {1, 2, 3, 4} since, for example, (14) · 4 = 1, so 1 ∈ O(4). Likewise, (24) · 4 = 2, so

2 ∈ O(4), and (34) · 4 = 3, so 3 ∈ O(4). Cardinality is 4.
(3) We can let S4 act on a set by just letting it act on each element. For example, (12) acts on the set {2, 3}

to give us {1, 3}.
(4) The set {1} ∈ Y can be taken to any other 1-element set, but no set of any other cardinality. So the orbit

has 4 elements.
(5) The orbit {1, 2} ∈ Y is the collection of all 2-element sets. To see that {a, b} is in the orbit, let g be the

bijection that sends 1 7→ a, 2 7→ b, and 3, 4 to the two remaining elements of {1, 2, 3, 4} (not a or b).
Then g · {1, 2} = {a, b}.

(6) The empty set is fixed. So is the whole set {1, 2, 3, 4}. There are no other fixed points.
(7) Y decomposes by cardinalities of the subsets. We have ∅, then the orbit {{1}, {2}, {3}, {4}} consisting

of all 1-elements subsets, then O({1, 2}) which is the collections of all 2-element subsets (it has cardi-
nality 6). Then we have O({1, 2, 3}), which consists of the four 3-element subsets, and finally the set
{{1, 2, 3, 4}} containing the one element which is the whole set.
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B. Consider the canonical action of S5 on the set X = {1, 2, 3, 4, 5}. Let G be the subgroup of S5 generated by
{(12), (345)}.

(1) Explain why G acts on X .
(2) Find the orbit of each element of X under G.

(1) Every element of G is in S5, so we can let it act the same way it acts as an element of S5.
(2) The orbit of 1 is O(1) = {1, 2}. This is also the orbit of 2. The orbit of 3 is O(3) = {3, 4, 5}. This is

also the orbit of 4 and of 5.

C. There can be different natural actions of the same group G on the same set X . For example, the group Z2 can act
on the Cartesian plane R2 as follows:

Z2 × R2 → R2 [1]2 · (x, y) 7→ (y, x)

(and of course [0]2 does nothing). A different action of Z2 on R2 is given by

Z2 × R2 → R2 [1]2 · (x, y) 7→ (−x,−y)
(and again, the identity, [0]2 does nothing).

(1) Verify that these are both group actions. Describe them geometrically.
(2) Find two more group actions, different from these, of Z2 on R2.
(3) For each of the four actions in play here, describe the orbits. How many elements can be in an orbit?

(1) Remembering that the operation in Z2 is addition, we only need to check that g1 · (g2 · (x, y)) =
(g1 + g2) · (x, y) for all g1, g2 in Z2 and all (x, y) ∈ R2. Since Z2 has only the two elements [0] and [1],
and we know that [0] does nothing to any point (x, y) in R2, we only need to check that g1 ·(g2 ·(x, y)) =
(g1 + g2) · (x, y) for g1 = g2 = [1]. (You should double check the others too!). Since [1] + [1] = [0],
we have [1] · ([1] · (x, y)) = [1] · (y, x) = (x, y) = [0] · (x, y) as needed to verify the first mapping is an
action. For the second, we have [1] · ([1] · (x, y)) = [1] · (−x,−y) = (x, y) = [0] · (x, y). QED.

(2) Here are two more actions:

Z2 × R2 → R2 [1]2 · (x, y) 7→ (−x, y)
and

Z2 × R2 → R2 [1]2 · (x, y) 7→ (x,−y)
(3) The orbits of the first action are either of cardinality two: {(a, b), (b, a)}, or cardinality one: {(a, a)}.

The orbits of the second action are mostly of cardinality two: {(a, b), (−a,−b)}, but the origin is its own
orbit {(0, 0)}. The orbits of the third action are cardinality two: {(a, b), (−a, b)}, except for points on
the y-axis which have orbits of cardinality one: {(0, b)}. The orbits of the fourth action are cardinality
two: {(a, b), (a,−b)}, except for points on the x-axis which have orbits of cardinality one: {(a, 0)}.

D. Let D4 be the symmetry group of the square. Explain how D4 acts on the points in the solid square in a natural
way.

(1) Draw a picture of the square and the orbit of some non-zero point in the interior under the natural D4 action.
(2) Compute the orbit of each the following types of points (and sketch): the origin, a non-zero point on a

diagonal of the square, a non-zero point on the horizontal axis of symmetry, a non-zero point not on any axis
of symmetry.

Each element of D4 can be viewed as a rigid motion of the whole R2. So every element of the square is going
to be sent to another element of the square by each element of D4. The orbit of the origin is the origin (one
element set). The orbit of any (non-zero) point on any of axis of symmetry (the x-axis, y-axis, line y = x and line
y = −x) will be four: the rotations of that point by 90, 180, 270, and the point itself. For a point not on any axis
of symmetry, the orbit will have 8 elements. For example, we can draw a point in the first quadrant very close to
the x-axis but not on it. Reflection over the x-axis will give a point in the fourth quadrant in the orbit. Then each
of these points can be rotated by 90, 180, or 270 to get 3 + 3 more points in the orbit. There are EIGHT points in
these orbits.
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E. Prove that if a group G acts on a set X , then for every x ∈ X , the cardinality of the orbit satisfies

O(x) ≤ min(|G|,#X).

We need to show
(1) #O(x) ≤ |G|; and
(2) #O(x) ≤ #X.

Both are immediate from the definition. For (1), note that O(x) = {g · x | g ∈ G}, so there is a surjective map
G→ O(x) showing that #O(x) ≤ |G|. For (2), note that O(x) ⊂ X, so #O(x) ≤ #X.

F. Suppose a group G acts on a set X . For x, y ∈ X , define x ∼ y if and only if there exists g ∈ G such that x = g · y.
Prove that ∼ is an equivalence relation on X and its equivalence classes are exactly the orbits.

(1) Reflexive: x ∼ x for all x ∈ X because for eG ∈ G, we have eG · x = x by the first axiom of group
actions.

(2) Symmetric: Say x ∼ y. This means that there exists g ∈ G such that x = g · y. But then we can apply
g−1 ∈ G to x to get

g−1 · x = g−1 · (g · y) = (g−1g) · y = eG · y = y

where we have used both the first and second axioms of group actions for the penultimate and final
equalities above. Thus y = g−1 · x, and so y ∼ x. So symmetry holds for ∼.

(3) Transitivity: Assume x ∼ y and y ∼ z. We need to show x ∼ z. By definition, there exists g, h such
that x = g · y and y = h · z. Substituting: x = g · y = g · (h · z). By the second group action axiom,
x = (gh) · z, so also x ∼ z. Transitivity holds.

This shows that ∼ is an equivalence relation. It is clear that the orbits are the equivalence classes, since both are
defined as {g · x | g ∈ G}.

G. SOME ORBITS.
(1) Let R× act on R by multiplication. What is the orbit of 1 ∈ R? What is the orbit of any positive x ∈ R?

What is the orbit of 0? What is the orbit of −11 ∈ R? What is the orbit of any negative x ∈ R? How many
distinct orbits are there?

(2) Let the group (Z2,+) act on the Cartesian plane R2 in the obvious way: (a, b) · (x, y) = (a + x, y + b).
Describe the orbits.

(3) Let S1 be the group of continuous rotations of acting on the plane by rotations around the origin. What are
the orbits?

(1) The orbit of 1 is R \ {0}, the set of all non-zero real numbers. This is the same as the orbit of any
positive number. The orbit of 0 is {0}. The orbit of any negative number is all of R \ {0}. So there are
two orbits: {0} and R \ {0}.

(2) The orbits are all very similar: all are a “lattice” of points, basically Z2 but shifted. There is a bijection
between the orbits and the half-open unit square (the open square, but throw in the closed unit interval
on the bottom and the half open unit interval on the y-axis.

(3) The orbits are the circles centered at the origin (including the trivial circle of radius 0.)


