
MATH 217 GROUP QUIZ 4

GIVEN

◦ ~v1, . . . , ~vn ∈ Rm.

◦ Let A be the m× n matrix whose jth column is ~vj .

◦ Let TA : Rn → Rm be the linear transformation given by left multiplication by A.

A. Consider the following statements, which may be true or false, about our given data. Group them

into collections of EQUIVALENT STATEMENTS.

(1) Span(~v1, . . . , ~vn) = Rm

(2) for every ~b ∈ Rm, A~x = ~b has at least one solution

(3) TA is surjective

(4) im(TA) = Rm

(5) rank(A) = m

(6) (~v1, . . . , ~vn) is linearly independent

(7) for every ~b ∈ Rm, A~x = ~b has at most one solution

(8) TA is injective

(9) ker(TA) = {~0}

(10) rank(A) = n

B. Now suppose that m = n. Regroup the statements in A into collections of equivalent statements.

C. Give at least 10 different ways to characterize when a square matrix A is invertible. State also the

definition of invertible matrix.

D. With notations as above in GIVEN, prove: if there exists a n ×m matrix P such that PA = In,

then kerA = 0.

E. State the converse to the statement in D.

F. Here are two more statements:

(1) There exists a n×m matrix P such that AP = Im.

(2) There exists a n×m matrix P such that PA = In.



Add these to your collections of equivalent statements in A. What happens when n = m?

SOLUTIONS:

A. The first 5 are all equivalent to eachother. The second 5 are also all equivalent to each other.

B. All ten are equivalent if n = m.

C. By definition, a SQUARE n × n matrix A is invertible if there exists a matrix B such that

AB = BA = In. But to check a SQUARE matrix is invertible, we need to check only one of the

previous 10 conditions holds (all others will automatically hold when m = n).

D. Take arbitrary ~x ∈ kerA. This means that A~x = 0. Multiply both sides by P . Then PA~x =

P0 = 0. Since PA = In, we have ~x = 0. The proof is complete.

E. If A is an m × n matrix such that kerA = 0, then there exists an n ×m matrix P such that

PA = In.

F. The first statement is equivalent to the first five statements, and the second to the second 5

statements. They are therefore equivalent when m = n, in which case P is the inverse of A. The

proofs are not so obvious. You can do it for extra credit. The worksheet on ”elementary matrices”

might be useful.


