
Math 412. Chapter 7: Groups
Professors Jack Jeffries and Karen E. Smith

DEFINITION: An group is a non-empty set G with binary operation, denoted “◦,” which satisfies
the axioms

• For all g1, g2, g3 ∈ G, we have (g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3) (composition is associative).
• There exists an element e ∈ G such that for all g ∈ G, we have g ◦ e = e ◦ g = g (there

exists an identity)
• For all g ∈ G, there exists h ∈ G such that g ◦h = h ◦ g = e (every element has an inverse under
◦)

DEFINITION: An abelian group is a group G with one additional axiom
• For all g1, g2 ∈ G, we have (g1 ◦ g2) = (g2 ◦ g1) (◦ is commutative).

DEFINITION: An subgroup of a group (G, ◦) is a subset H which is itself a group under ◦.

A. Symmetry Group of an Equilateral Triangle. There are six different ways to move an equi-
lateral triangle around and put it in the same spot: k: “keeps put”
r1: rotate 120◦ of the way around clockwise
r2: rotate 120◦ of the way around counterclockwise
f1: flip the triangle around the vertical axis
f2: flip the triangle around the axis that is 60◦ clockwise of vertical
f3: flip the triangle around the axis that is 60◦ counterclockwise of vertical

Any way of doing one after the other has to be something else on the list!

Make a table for the operation of composition where the columns correspond to the first transfor-
mation, and rows correspond to the second.

k r1 r2 f1 f2 f3
k
r1
r2
f1
f2
f3

B. Permutation Group on Three objects There are also 6 ways of shuffling three objects:
n: no shuffling occurred
s12: swap the first and second items
s13: swap the first and third items
s23: swap the second and third items
m1: move the last item to the front
m2: move the front item to the end

Make a table like above for the shuffles.
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n s12 s13 s23 m1 m2

n
s12
s13
s23
m1

m2

C. Use the tables to help answer the following questions.
(1) Do these tables describe operations that are commutative?
(2) Is there an identity? Are there inverses?
(3) Do the tables describe group operations? [If you are having trouble with associativity,

please see Example 5 on page 515 in Appendix B.

D. Let X be the set {x1, x2, x3}. Let G be the set of all BIJECTIONS from X to itself.
(1) Write out the six elements of G explicitly using the notation from Section 7.1 in the book.
(2) Let ◦ be the binary operation composition of functions from X to itself. Verify that ◦ is

ASSOCIATIVE. If you do this in a good way, your argument will be valid for the set G of
bijections of ANY set X .

(3) Find an identity e ∈ G for ◦.
(4) Is G a group? Explain.
(5) Make a table for the binary operation ◦.1 Is G abelian?
(6) Let H1 be the subset of G of bijections that fix x1. How many elements in H1? Is H1 a

subgroup of G?

E. Find an isomorphism between the groups in A and B.

1Please note that you have done the work for this already!


