
Math 412. Chapter 7: Groups II
Professors Jack Jeffries and Karen E. Smith

DEFINITION: An group is a non-empty set G with binary operation, denoted “◦,” which satisfies
the axioms

• For all g1, g2, g3 ∈ G, we have (g1 ◦ g2) ◦ g3 = g1 ◦ (g2 ◦ g3) (composition is associative).
• There exists an element e ∈ G such that for all g ∈ G, we have g ◦ e = e ◦ g = g (there

exists an identity)
• For all g ∈ G, there exists h ∈ G such that g ◦ h = h ◦ g = e (every element has an inverse).

DEFINITION: The order of a group G is the number of elements in G. The order of an element
g ∈ G is the smallest n such that gn = e (or∞ if no such n exists).1

DEFINITION: An subgroup of a group (G, ◦) is a subset H which is itself a group under ◦.
PROPOSITION. Let G be a group, and H a non-empty subset. Then H is a subgroup of G if and
only if the following hold:

(1) If h1, h2 ∈ H , then h1 ◦ h2 ∈ H .
(2) If h ∈ H , then h−1 ∈ H .

A. An Additive Group. Explain why Z24 is an abelian group under addition. What is the identity
and how do you find inverses? What is the order of the element [4] in (Z24,+) ? Explain why
Z24 is NOT a group under multiplication. List out all the elements in the subgroup of (Z24,+)
generated by [6]? What is the order of this subgroup? Is every ideal of Z24 a subgroup of (Z24, +).

For any ring R, the addition is associative, commutative, has an additive identity, and every element has an
additive inverse. So (R,+) is always a group. In Z24, the identity is [0], and the inverse of [a] is [−a]. The element
[4] has order six. Z24 is NOT a group under multiplication because [0] does not have a multiplicative inverse. The
group generated by [6] has order 4 and contains {[6], [12], [18], [0]}. Every ideal is a subgroup because it is closed
under addition and taking additive inverses.

B. A Group of Units. Let U12 be the subset of UNITS in the ring Z12. List out the elements of
U12. Explain why G is group under multiplication. Find the order of each element. List out the
elements in the subgroup generated by [5]. What is the order of this subgroup? Is U12 isomorphic
to the subgroup 〈[6]〉 from A?

U12 = {[1], [5].[7].[11]}. This is a group because multiplying two units in any ring together always produces
another unit; also, every element is self-inverse. Each element is order 2, except for [1] which is order 1. The
subgroup 〈[5]〉 = {[1], [5]} has order two. The group U12 can not be generated by one element, so it can not be
isomorphic to 〈[6]〉 from A.

C. The General Linear Group. Let GL2(R) be the set of 2×2 invertible matrices with R entries.
Explain why GL2(R) is a group under multiplication? What is the identity and how do you find
inverses? Is it abelian? Find an element of order two. Find an element of order 4.2 Find an element
of infinite order. Find an abelian subgroup.

1Caution! The word order is used in these two different ways. You should pay attention to the context to decipher
which meaning is intended.

2Think of the elements as transformations of R2 and try to find one that becomes the identity after composed with
itself four times.
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We already know that matrix multiplication is associative, that the product of two invertible matrices is invert-

ible, that the identity matrix is
[
1 0
0 1

]
. The inverse of

[
a b
c d

]
is 1

ad−bc

[
d −b
−c a

]
So GL2(R) is a group. (It is,

in fact, the group of units of M2(R).) It is not abelian. For an order two element, we can take
[
0 1
1 0

]
. Rotation

by 90 degrees is an order 4 element,
[
0 −1
1 0

]
. An abelian subgroup is the subgroup of order two {±I2}. Or

many groups gave the example D2∩GL2 of diagonal matrices with non-zero determinant. An element of infinite

order is
[
2 0
0 2

]
.

D. Basic Proofs about Groups: Let G be a group.

(1) Prove that the identity element of G is unique.
(2) Prove that for every g ∈ G, the inverse of g is unique.
(3) Prove that (g ◦ h)−1 = h−1 ◦ g−1.
(4) Prove that if g ∈ G has order n, then also g−1 has order n.
(5) Prove the Proposition above about subgroups.

For (1) and (2), see Theorem 7.5 on page 196. For (3), see Corollary 7.6. For (5), say that n is chosen smallest
possible such that gn = e. Then multiply both sides by g−1 times itself n times to get (g−1)ngn = g−n, so
e = (g−1)n. There can’t be a smaller value of n that works for g−1 because if there were, say g−1)m = e, the
same argument would give gm = e.

For (5), see Theorem 7.11 on page 204.

E. Prove that the subset SL2(F) of matrices with determinant 1 in GL2(F) is a subgroup. Prove
that the subset SL2(Z) of matrices with integer coefficients and determinant 1 is a subgroup of
GL2(C).

We use D (5) (also called Theorem 7.11). Given two matrices of determinant 1, we know det(AB) =
detAdetB so the product is also determinant 1.

Likewise, if A has determinant 1, we need to check that A−1 does too. But we know that detAdetA−1 =
det I2 − 1. So if detA = 1, then also detA−1 = 1.

F. Let G be the symmetry group of a regular hexagon. How many elements are in G? Is it abelian?

The answer is 12. More on this later.


