
MATH 412 PROBLEM SET 9 SOLUTIONS

Reading:

• Hungerford 8.1, 8.2, and 8.3

Practice Problems:

These are “easier” problems critical for your understanding, but not to be turned in. Be sure
you can do these! You may see them or something very similar on Quizzes and Exams.

• 8.1: 1, 9, 15, 17
• 8.2: 3, 5, 9, 11
• 8.3: 1, 3, 5

Problems due Friday. Write out carefully, staple pages for A and B together.
Staple pages for C and D together separately. Write your name and section
number on each.

A. Let G be a group acting on a set X. For any g ∈ G, let ag : X → X be the function given
by the rule ag(x) = g · x.

(1) Prove that for every g ∈ G, ag is bijective. Thus, there is a map φa : G → Bij(X), the
set of bijections of X to itself, given by φa(g) = ag.

(2) Show that the map φa in the previous part is a group homomorphism.
(3) A group action is faithful if g · x = x for all x ∈ X implies that g = e. Show that φa is

injective if and only if the G action is faithful.

Solution.
(1) Note that (ag ◦ ag−1)(x) = ag(g

−1 · x) = g · (g−1 · x) = (gg−1) · x = e · x = x for all
x ∈ X, so ag ◦ ag−1 is the identity map. Switching the roles of g and g−1, we see that
ag−1 ◦ ag is the identity as well. Thus, ag is invertible, and hence bijective.

(2) (ag ◦ ah)(x) = ag(h · x) = g · (h · x) = (gh) · x = agh(x), so φa(g) ◦ φa(h) = ag ◦ ah =
agh = φa(gh).

(3) We will show that ker(φa) = {g ∈ G | ∀x ∈ X, g · x = x}. Indeed, g ∈ ker(φa) is
equivalent to φa(g) being the identity map, which is equivalent to g · x = x for all x.
Since φa is injective if and only if the kernel is {e}, the statement follows.

B.
(1) Show that if G ≤ GLn(R) is a subgroup, then G acts on Rn by the rule A · v = Av.
(2) Show that Sn acts on Rn by permuting coordinates: σ · (x1, . . . , xn) = (xσ1 , . . . , xσn).
(3) Find two nontrivial proper subspaces V ( Rn such that, for the action in (2), g · v ∈ V

for all g ∈ G and all v ∈ V .
1
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Solution.
(1) We check: I · v = Iv = v for all v ∈ Rn, and if A,B ∈ G, then A · (B · v) = A · (Bv) =

A(Bv) = (AB)v = (AB) · v, using associativity of matrix multiplication.
(2) Omitted; see Karen’s email.
(3) Omitted; see Karen’s email.

C. Fix any group (G, ?). Define an action of G on itself by g · x = g ? x ? g−1.
(1) Prove that x is fixed by G under this action if and only if x ∈ Z, the center of G.
(2) Prove that if |G| = pn where p is prime, then the center of G is nontrivial. 1

Solution.
(1) Suppose that x is fixed, so g ? x ? g−1 = x for all g ∈ G. Then, g ? x = x ? g for all

g ∈ G, so g ∈ Z. Conversely, if g ∈ Z, then g?x = x?g for all g ∈ G, so g?x?g−1 = x
for all g ∈ G, and x is fixed by the action.

(2) Write G as a disjoint union of its orbits. It follows from the orbit-stabilizer theorem
and Lagrange’s theorem that the size of an orbit divides the order of the group. In
particular, the size of each orbit is a power of p (possibly p0 = 1). Suppose for the
sake of contradiction that the center of G consists solely of the identity. Then G
is the doisjoint union of the identity and a collection of orbits that each have size
a positive power of p—in particular, a multiple of p. But then, by adding sizes of
orbits, we get that the oder of G is congruent to 1 mod p. This contracticts that the
order of G is a power of p. Thus, the center must be nontrivial.

D. A cube in R3 with faces centered on the x-axis, y-axis, and z-axis is shown below. Let C be
the group of rotational symmetries of the cube.

(1) Explain why C has 24 elements.
(2) Show that C acts on the set of grand diagonals of C: the set of segments between a

vertex and the opposite vertex (passing through the center of the cube).
(3) Show that the action defined in the previous part is faithful. Conclude that C ∼= S4.
(4) Show that the elements “rotate 180◦ around the z-axis then rotate 90◦ counterclockwise2

around the y-axis” and “rotate 120◦ counterclockwise around the black diagonal” generate
C.3

(5) Show that C is not generated by “rotate 180◦ around the z-axis then rotate 90◦ clockwise
around the y-axis” and “rotate 120◦ counterclockswise around the black diagonal.”

Solution.
(1) We amy specify a rotation of the cube by choosing a face to be on top, and then

choosing one of the four adjacent faces to be in front: this gives 24 = 6× 4 elements.

1Hint: G is the disjoint union of its orbits under the action above. What does the orbit-stabilizer theorem say
about their cardinalities?

2This second rotation is the one that takes the positive end of the z-axis to the positive end of the x-axis.
3Hint: Use your isomorphism from the previous part!
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(2) We know that C tautologically acts on the cube. We may specify a grand diagonal by
specifying a pair of opposite vertices ±v; write [v,−v] for the grand diagonal between
v and −v. Observe that any rotation of the cube sends vertices to vertices and pairs
of opposite vertices to opposite vertices. Set g · [v,−v] = [g · v, g · −v]; note that
this is another grand diagonal since g · v and g · −v are a pair of opposite vertices
by the previous remark. Since C acts on G, we know that e · [v,−v] = [v,−v] and
(gh)·[v,−v] = [(gh)·v, (gh)·−v] = [g·(h·v), g·(h·−v)] = g·[h·v, h·−v] = g·(h·[v,−v]).

(3) Suppose that g ∈ C fixes each grand diagonal. In particular, g fixes the black grand
diagonal. Note that g a priori may still swap the ends of this diagonal. However, if
from one of those ends you list the other diagonals in clockwise order, that correc-
sponds to counterclockwise order from the other end. Thus, g must fix both ends of
that grand diagonal. The only nontrivial rotations that fix both ends of that diagonal
are rotations by 120 degrees around the diagonal, but neither of these fix the other
diagonals. Thus, g must be the identity.

We apply problem A to conclude that there is an injective homomorphism from C
into S4. Since these groups have the same order, this map is also surjective, hence
an isomorphism.

(4) The first operation swaps two diagonals, call them 1 and 2, so we may identify it with
the permutation (12) under the isomorphism from the previous part. The second
operation cyclically permutes three of the diagonals, one of which is fixed by the first
operation, so we may identify it with the permutation (234) under the isomorphism
from the previous part. By an problem from HW#8, these two permutations generate
all of S4, so the two rotations generate all of C.

(5) The two operations both fix the same diagonal, so everything in the group they
generate fixes that diagonal. Consequently, the group they generate is not all of C.


