
Math 412. §7.5 Homomorphisms.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: A group homomorphism is a map G
φ−→ H between groups that satisfies φ(g1 ◦ g2) =

φ(g1) ◦ φ(g2).

DEFINITION: An isomorphism of groups is a bijective homomorphism.

DEFINITION: The kernel of a group homomorphism G
φ−→ H is the subset

kerφ := {g ∈ G | φ(g) = eH}.
A. EXAMPLES OF GROUP HOMOMORPHISMS

(1) Prove that (one line!) GLn(R) → R× sending A 7→ detA is a group homomorphism.1 Find its
kernel.

(2) Show that the canonical map Z→ Zn sending x 7→ [x]n is a group homomorphism. Find its kernel.
(3) Prove that ν : R× → R>0 sending x 7→ |x| is a group homomorphism. Find its kernel.
(4) Prove that exp : (R,+)→ R× sending x 7→ 10x is a group homomorphism. Find its kernel.
(5) Consider 2-element group {±} where + is the identity. Show that the map R× → {±} sending x to

its sign is a homomorphism. Compute the kernel.
(6) Label the vertices of a square {1, 2, 3, 4}. Consider the map D4 → S4 which sends a symmetry of

the square to the induced permutation of its vertices. Explain why this is an homomorphism. What
is the kernel?

(1) det(AB) = detAdetB from Math 217, so the determinant map is a group homomorphism. The kernel is
SLn(R) := {A ∈ GLn(R) | detA = 1}.

(2) We know [x+ y]n = [x]n + [y]n, so x 7→ [x]n is a group homomorphism. The kernel is nZ := {nk | k ∈ Z}.
(3) ν(xy) = ν(x)ν(y) because |xy| = |x||y| for all real numbers. The kernel is {±1}.
(4) exp(x+ y) = 10x+y = 10x10y = exp(x) exp(y) so exp is a group homomorphism. Its kernel is {0}.
(5) Call the map f . So f(x) = + if x is positive and f(x) = − if x is negative. We know f(xy) = + if x, y are both

positive, and f(xy) = − if one of them is positive and the other negative. Thus f(xy) = f(x)f(y) according to the
group operation we put on the set {±}. Since the identity element of the group {±} is +, the kernel is R>0, the set
of all positive real numbers.

(6) Each symmetry of the square induces a bijection from the set of its four vertices to itself. For example, the symmetry
which reflects over a diagonal induces the permutation of the vertices which fixes the one on that diagonal and
interchanges the other two. It is clear that composing two symmetries induces a composition of bijections between
the vertices, so this is a group homomorphism. The kernel is the trivial (“do nothing”) symmetry e, since if a
symmetry fixes all the vertices it must fix the whole square.

B. KERNEL AND IMAGE. Let G
φ−→ H be a group homomorphism.

(1) Prove that the image of φ is a subgroup of H .
(2) Prove that the kernel of φ is a subgroup of G.
(3) Prove that φ is injective if and only if kerφ = {eG}.
(4) For each homomorphism in A, decide whether or not it is injective. Decide also whether or not the map is an isomorphism.

(1) This is the kind of straightforward problem you MUST practice doing to do well on quizzes and exams. See the
proof in the book, Theorem 7.20 (3), page 221.

(2) This is the kind of straightforward problem you MUST practice doing to do well on quizzes and exams. Not only
that, but you have done “the same proof” at least in three different settings, starting in 217, next with rings in Chapter
3. Here is the proof for good measure: Let K ⊂ G be the kernel. To show it is a subgroup of G, we must show

1In this problem, and often, you are supposed to be able to infer what the operation is on each group. Here: the operation for
both is multiplication, as these are both groups of units in familiar rings.



(a) K is non-empty
(b) If g1, g2 ∈ K, then g1g2 ∈ K.
(c) If g ∈ K, then g−1 in K.

We check each: for (a), note that φ(eG) = eH so eG ∈ K and K is not empty. For (b), note that φ(g1g2) =
φ(g1)φ(g2) = eHeH = eH , so g1g2 ∈ K. For (c), note that gg−1 = eG, so φ(g)φ(g−1) = φ(eG) = eH . But since
g ∈ K, this says φ(g)φ(g−1) = eHφ(g

−1) = φ(g−1) = eH , so also g−1 ∈ K. QED.
(3) Again, this is the kind of straightforward problem you MUST practice doing to do well on quizzes and exams. Not

only that, but you have done “the same proof” at least in three different settings, starting in 217, next with rings in
Chapter 3. It is in the book as Theorem 8.17 on page 264. Please come see me if you are not sure you are doing
correctly.

(4) The only injective homomorphisms in A are (4) and (6). But neither of these is surjective, so none of the maps in A
is an isomorphism.

C. THE SIGN MAP FOR THE SYMMETRIC GROUP. Recall that every permutation is a composition of transpositions. We say
a permutation is odd if it is a composition of an odd number of transposition, and even if it is a product of an even number of
transpositions.2 We define the sign map

Sn → {±1} σ 7→ 1 if σ is even σ 7→ −1 if σ is odd.

(1) Prove that the sign map is a group homomorphism, where the operation on {±1} is multiplication.
(2) Describe the sign map explicitly for each of the six elements S3.
(3) Explain why, for any n, the kernel of the sign map Sn → {±1} is the alternating group An.
(4) Prove that A3 is cyclic of order 3. Use you answer to (2).
(5) Prove or disprove: An is cyclic of order n for all n.

(1) Suppose that σ is a product of n composition and τ is a composition of m transpositions. Then σ ◦ τ is a product of
n +m transpositions. But n +m is even if σ and τ are both even (or odd). And n +m is odd if one of σ and τ is
even and the other odd. Since (−1)m+n = (−1)m(−1)n, the sign map is a group homomorphism.

(2) The sign of the identity and the two 3-cycles is even. The sign of the transpositions is odd.
(3) The kernel is the set of even transpositions, which is the definition of An.
(4) A3 = {e, (123), (321)}. This is the cyclic group generated by (123), since (123)2 = (321) and (123)3 = e.
(5) False! Note thatA4 consists of {e, (123), (132), (124), (142), (134), (143), (234), (243), (12)(34), (13)(24), (14)(23)},

as the 4-cycles and transpositions are odd. This is not cyclic, as it is order 12, but there is no element of order 12 in
it (all elements are orders 1, 2, or 3.).

D. SOME MORE EXAMPLES

(1) Prove that if G
φ−→ H is a group homomorphism, then |φ(g)| divides |g|.3

(2) Prove that the map Z4 → Z4 which fixes [0] and [2] but swaps [1] and [3] is an automorphism.
(3) Find a group homomorphism {±1} → D4.
(4) Find a group homomorphism D4 → {±1}.

(1) Say g has order n. So gn = eG. This means φ(gn) = (φ(g))n = eH . So φ(g) has order at most n. Say its order is d.
Then write n = dq+r for some remainder 0 ≤ r ≤ d−1. So eH = (φ(g))n = (φ(g))qd+r = ((φ(g))d)q(φ(g))r =
(φ(g))r. But this says that φ(g) has order at most r < d, a contradiction unless r = 0. So d|n.

(2) Call the map f . We need to check that f([a]4 + [b]4) = f([a]4) + f([b]4) for all [a]4, [b]4. There are 16 different
pairs of values for [a] and [b] to check, but since the group Z4 is abelian, we need only check 8 of these. Also, if the
[a] and [b] are both either [0] or [2], it is true since f does nothing to [0] or [2]. The five remaining things to check
are that f([1] + [3]) = f([1]) + f [3]) which is true since both are zero, f([0] + [3]) = f([0]) + f [3]) which is true
since both are [1], f([0] + [1]) = f([0]) + f [1]) which is true since both are [3], f([2] + [1]) = f([2]) + f [1]) which
is true since both are [1], and f([2] + [3]) = f([2]) + f [3]) which is true since both are [3].

2Careful students may wonder why this is well-defined: if there are two different ways to write a permutation as a product of
transpositions, how do we know that their parity is the same? This is theorem 7.28 in the book.

3Hint: Name the orders! Say |φ(g)| = d and |g| = n. You can probably see easily that d ≤ n. Use the division algorithm to
write n = qd+ r. What do you want to show about r?



(3) We can send 1 to e and −1 to the rotation through 180 (or any order two element). You should check that this is a
group homomorphism for full credit.

(4) We can send all the rotations to 1 and all the reflections to -1. You should check that this is a group homomorphism
for full credit.

E. Let φ : R→ S be a ring homomorphism.
(1) Show that φ : (R,+)→ (S,+) is a group homomorphism.
(2) Show that φ : (R×,×)→ (S×,×) is a group homomorphism.
(3) Explain how the two different kernels in (1) and (2) give two subsets of R that are groups under two different operations.

(1) This is immediate from the definition of ring homomorphism, as φ(x+ y) = φ(x) + φ(y) is one of the axioms.
(2) This also from the defintion of ring homomorphism, as φ(xy) = φ(x)φ(y) is one of the axioms. We do need to

check that the target is in the right place, though. That is, we need to know that a unit goes to a unit under a ring
homomorphism. We proved this before.

(3) The kernels of the two maps in (1) and (2) are both subsets of R. But they have a different binary operation on them,
namely + and ×.

F. CHINESE REMAINDER THEOREM: Let m,n be coprime integers. Recall that the map ψ : Z → Zm × Zn given by ψ(a) =
([a]m, [a]n) is a ring homomorphism.

(1) What is the kernel of ψ?
(2) Explain why ψ is surjective.4

(3) What two rings are isomorphic by Noether’s First Isomorphism Theorem?
(4) Explain why (Zmn,+) ∼= (Zm,+)× (Zn,+).
(5) Explain why Z×

mn
∼= Z×

m × Z×
n .

(6) What is the order of Z×
pq when p and q are distinct primes.

(7) Give a simple description of Z×
p1p2···pk (up to isomorphism) when p1, p2, . . . , pk are distinct primes.

(1) The kernel is mnZ, otherwise written (mn), the multiples of mn.
(2) The map is surjective by the Chinese Remainder theorem: it says for any integers a and b, I can find a common

solution x to the pair of congruences x ≡ a mod m and x ≡ b mod n. This says exactly that ψ(x) = ([a], [b]).
(3) Z/(mn) and Zm × Zn are isomorphic by Noether’s First isomorphism theorem.
(4) This is a special case of E(1).
(5) This is a special case of E(2).
(6) Z×

pq is isomorphic to Z×
p × Z×

q . So its order is (p− 1)(q − 1).
(7) Z×

p1p2···pk
∼= Z×

p1 × Z×
p2 × · · · × Z×

pk
.

G. PERMUTATION MATRICES. Recall that an n× n matrix is a permutation matrix if it can be obtained from the n× n identity

matrix by swapping columns (or rows). Recall that the set Pn of all n× n permutation matrices (under ×) is a group isomorphic
to Sn. Show that the sign map on Sn corresponds to the determinant map on Pn under this isomorphism.

This, and the similar problem at the end of the last workskeet, are left as future bonus problems. If you are needing a
challenge, feel free to write up careful solutions and turn them in, but don’t spend a ton of time on this until after you have
mastered the basics on the first pages of each (and every) worksheet.

4You explanation should use the hypotheses!


