
Math 412. §6.1 Worksheet on Ideals.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: A map of rings R
φ→ S is a homomorphism if it satisfies the following three

conditions:
(1) φ(r1 + r2) = φ(r1) + φ(r2) for all r1, r2 ∈ R;
(2) φ(r1 · r2) = φ(r1) · φ(r2) for all r1, r2 ∈ R; and
(3) φ(1R) = 1S .

We showed on a previous worksheet that these conditions imply also that φ(0R) = 0S as well.

DEFINITION: An ideal of a ring R is a non-empty subset I satisfying1

(1) If x1, x2 ∈ I , then x1 + x2 ∈ I .
(2) If x ∈ I and r ∈ R, then rx ∈ I xr ∈ I;

A. WARM-UP. Which of the following are ideals in the given rings?
(1) The set I of even integers in the ring Z.
(2) The set I of odd integers in the ring Z.
(3) The set of polynomials f in R[x] with non-zero constant term.
(4) The set of polynomials f in R[x] with zero constant term.
(5) The set I of integers that can be obtained as a Z-linear combination of the integers 18

and 24.

(6) The set I = {

0 0 0
0 0 0
0 0 0

} in M3(R).

(7) For a fixed g ∈ F[x], the set I = {gf | f ∈ F[x]} of multiples of g.
(8) The set of classes {[0]12, [3]12, [6]12, [9]12} in the ring Z12.

Yes to all, except (2) and (3).

B. IDEALS IN Z. For an integer n ∈ Z, we define a subset nZ ⊆ Z as

nZ = {kn | k ∈ Z};

that is, nZ consists of the multiples of n. Another notation for the set nZ is (n).

(1) Prove that nZ is an ideal for every n ∈ Z.
(2) When does nZ = mZ? When is nZ ⊂ mZ When is nZ = Z?

(1) Take arbitrary nk1 and nk2 ∈ (n) = nZ. Then nk1 + nk2 = n(k1 + k2) ∈ (n). So (n) is closed
under addition. Take arbitrary m ∈ Z and arbitrary nk ∈ (n) = nZ. Then m · nk = n(km) ∈ (n).
So (n) is closed under Z-multiplication. Here, we used the associative and commutative properties
of Z.

(2) The ideals nZ = mZ if and only if m = ±n. The ideals nZ ⊂ mZ if and only if m|n. Also nZ = Z
if and only if n = ±1.

1CAUTION: When reading the text, you will see an ideal defined as a certain kind of “subring”. DO NOT USE
THIS DEFINITION! Remember that for us, a subring always contains 1, because all rings contain 1. But most ideals
do not contain 1.



C. THE KERNEL IS AN IDEAL. Recall the kernel of a ring homomorphism R
φ→ S is

kerφ = {r ∈ R |φ(r) = 0}.

Prove that the kernel of any ring homomorphism is an ideal.

We need to show the two conditions in the defintion of ideal.
To show closure under addition (condition (i)): First, take arbitrary x, y ∈ kerφ. To show that x +

y ∈ kerφ, we need to show that φ(x + y) = 0. Since φ respects addition, this is the same as showing
φ(x) + φ(y) = 0. But since x, y ∈ kerφ, this is 0 + 0 = 0. Thus x+ y ∈ kerφ.

To show closure under R-multiplication (condition (ii)): Take arbitrary x ∈ kerφ and arbitrary r ∈ R. We
need to show that rx ∈ kerφ and xr ∈ kerφ. By definition of kernel, we need to show that φ(rx) = 0 and that
φ(xr) = 0. Using the fact that φ respects multiplication, this is equivalent to as showing that φ(r)φ(x) = 0
and that φ(x)φ(r) = 0. But since x, y ∈ kerφ, this is φ(r)0 = 0 and 0φ(r) = 0. This is clear, since
multiplying by 0 (on left or right) is 0 in any ring. So φ(rx) = 0 and φ(xr) = 0, so both rx and xr are in
kerφ. QED.

D. GENERATORS OF IDEALS.
DEFINITION: Let I be an ideal in a ring R. A non-empty subset S of I is said to generate I if the ideal I is

exactly the set of all R-linear combinations of the elements of S. In this case, the elements of S are said to be
generators for I .

NOTATION: We write (s1, . . . , st) for the ideal of R generated by the set {s1, . . . , st).

(1) Prove that the ideal nZ in Z is generated by {n}. Can you find another generating set with just one
element?

(2) What is the ideal of Z generated by the set {4, 6}? Can you find a different, more efficient generating set
for the same ideal?

(3) What is the ideal of Z2[x] generated by the set {x, x2}. Can you find a different, more efficient generating
set for the same ideal?

(4) LetR be any ring, and let {s1, . . . , st} be any elements ofR. Consider the set I = {r1s1+· · ·+rtst | ri ∈
R} of all linear combinations of S. Prove that this set is an IDEAL of R. What set obviously generates
I?

(1) (n) is the set of multiples of n, which is the same as the set of Z-linear combinations of n.
(2) (4, 6) = {4m+ 6n |m,n ∈ Z}. We claim this is the same as (2). We can show this by showing

(a) (2) ⊂ (4, 6)
(b) (4, 6) ⊂ (2).

For (i), take an arbitrary 2n ∈ (2). First note that 2 = 4− 6 ∈ (4, 6). So also 2n = 4n− 6n ∈ (4, 6)
as well. So (2) ⊂ (4, 6). For (ii), take an arbitrary 4m + 6n ∈ (4, 6). Note that 4m + 6n =
2(2m+ 3n) ∈ (2). So (4, 6) ⊂ (2) as well. QED.

(3) The ideal (x, x2) is also generated by x.
(4) We need to show conditions (i) and (ii) in the definition of ideal. For (i), take two arbitrary linear

combinations: x = r1s1+ · · ·+ rtst and y = r′1s1+ · · ·+ r′tst. Their sum is x+ y = (r1+ r
′
1)s1+

· · ·+(rt+ r
′
t)st, hence also in I . For (ii), take an arbitrary linear combination x = r1s1+ · · ·+ rtst

and an arbitrary r ∈ R. Then rx = (r · r1)s1 + · · · + (r · rt)st ∈ I . QED. This ideal is generated
by {s1, . . . , st}.

E. IDEALS IN FIELDS.

(1) Let I be an ideal in a ring R. Prove that if 1R ∈ I , then I = R.
(2) Prove that if F is a field, then its only ideals are {0} and R.

(3) Prove that if F is a field and R is a ring in which 1 6= 0, then every ring homomorphism F φ→ R is
INJECTIVE.



(1) Suppose 1 ∈ I . Then for any r ∈ R, also r · 1 = r ∈ I because I is closed under R-multiplication.
This show that R ⊂ I . But by definition, also I ⊂ R. So I = R.

(2) Let F be a field. Suppose I is a non-zero ideal. So there is some x ∈ I , x 6= 0. By definition of field,
x has a multiplicative inverse, call it x−1, in R. So 1 = x−1x ∈ I because ideals are closed under
R-multiplication. This shows that if an ideal in a field is non-zero, then it contains 1. By (1), it must
be all of F.

(3) Let F be a field. Let F φ→ R be a ring homomorphism. To show it is injective, it suffices to show that
kerφ = 0, by a Theorem on the last worksheet (also Theorem 6.11 in the book). Now, we know the
kernel of φ is an ideal (by Problem C on this worksheet, or Theorem 6.10 in the book). But we know
that the only ideals of F are 0 and F. Can the kernel be F? No! Because φ(1) = 1 6= 0 by definition
of homomorphism, so 1 /∈ kerφ. Since the kernel is not all of F it must be (0).

F. GREATEST COMMON DIVISORS IN Z AND F[x]. Recall Theorem 1.2: The greatest common divisor of two
integers m and n is a smallest positive Z-linear combination m and n.

(1) Let d be the greatest common divisor of m,n in Z. Prove that the ideal of Z generated by {m,n} is the
same as the ideal generated by d.

(2) Let d(x) be the greatest common divisor of f(x) and g(x) in F[x], where F is a field. Prove the the ideal
of F[x] generated by {f, g} is the same the ideal generated by {d}.

(1) Let d be the greatest common divisor of m,n in Z. By Theorem 1.2, d is a linear combination of m
and n, so d ∈ (m,n) (the ideal). But then also Z-multiples are in the ideal (m,n), so (d) ⊂ (m,n).
For the other inclusion: Let mx+ny be an arbitrary element in the ideal (m,n). Since d divides m,
we can write m = dk for some k ∈ Z. Since d divides n, we can write n = dl for some l ∈ Z. But
then mx+ ny = dkx+ dly = d(kx+ ly), showing that our arbitrary element of the ideal (m,n) is
in (d).

(2) Same proof! Let d(x) be the greatest common divisor of f(x) and g(x) in F[x], where F is a field.
By Theorem 4.8, d is an F[x]- linear combination of f and g, so d ∈ (f, g), the ideal of all F[x]-linear
combinations of f and g. But then F[x]-multiples of d are too. This shows (d) ⊂ (f, g). We now
need to show that (f, g) ⊂ (d). Take arbitrary af + bg ∈ (f, g), where a, b ∈ F[x]. Since d|f and
d|g, we can write f = dh1 and g = dh2 for some h1, h2 ∈ F[x]. So our arbitrary af + bg can
be written af + bg = dh1a + dh2b = d(h1a + h2b), and we see that it is in (d). This shows that
(f, g) ⊂ (d). QED.

G. PRINCIPAL IDEALS. An ideal of a ring is principal if it can be generated by one element.
(1) Prove that in Z, every ideal is principal.2

(2) Prove that if F is a field, then every ideal in F[x] is principal.3

(3) In the ring R[x, y], find an ideal that CAN NOT be generated by one elements.
(4) In the ring Z[x], find an ideal that CAN NOT be generated by one elements.

(5) In the ringM2(R), describe the principal ideal generated by
[
1 0
0 0

]
. Caution: it is bigger than you might

think!

Don’t stress about this problem for now. If you solve it, you can turn it in for EXTRA CREDIT on your
quiz score.

2For an arbitrary non-zero ideal, show that the smallest positive element in it generates. You will need to use
the division algorithm.

3For an arbitrary non-zero ideal, show that lowest degree polynomial in it generates. You will need to use the
division algorithm.


