
Algebra 2: Fields and Galois Theory Daily Update Fall 2016

This Daily Update will be written as soon as possible after I finish teaching at 14:00. It will summarize what we did,

correct errors and make clarifications, provide important announcements, such as information about upcoming quizzes,

and occasionally offer some general advice. Make a habit of checking it frequently.

Monday Sept 5: We discussed the goals of Algebra 2 a and b. In Algebra 2a, we will
discuss field theory, culminating with the proofs of the impossibility of trisecting angles,
squaring circles, or doubling cubes using only straightedge and compass. In Algebra 2b,
we will study symmetries of field extensions (Galois theory) and use this to prove that
there is a no formula (expressible using the operations +, ·,−, :, n

√
), for the roots of

general polynomial of degree five or more in terms of its coefficients. Whether or not we
accomplish these goals will depend on the background and progress of the students; we
will certainly finish the goals of 2a. For 2b, if we need to review a lot of group theory,
some facts about groups may need to be taken on faith. My style as a teacher is to move
slowly, repeat frequently, and dwell on understanding ideas rather than move quickly to
“cover” certain topics. Even if we don’t finish all the details, we will be close, so that
motivated students should be easily able to read and understand the proofs on their own.
That being said, students definitely need to be familiar with the prerequisite
material in linear algebra, groups and rings!

Definitions to know: Field, subfield, extension field, and what it means that
a “set S generates the field L over the field F .” We also reviewed (briefly) rings and
groups; you should refamiliarize yourself with Alg 1ab.

Wednesday Sept 7: We reviewed the definition of a vector space over an field F .
Briefly, this is an abelian group (V,+) on which the field acts by “scalar multiplication.”
If this part was unfamiliar to you, please review linear algebra. You should
be comfortable with the words: linear combination, subspace, relation, linear dependent,
linearly independent, span, basis, dimension in vector spaces over an arbitrary field F
of scalars. Actually, the wikipedia page “vector space” has all these terms defined and
explained pretty well in the first 4 paragraphs.

We then made a Crucial Observation: If K ⊂ L is a field extension, then we can
view L as a vector space over K in a natural way (using the + and · from L for the
vector addition and scalar multiplication, respectively). This allowed us to define the
degree of a field extension K ⊂ L as the dimension of L as a vector space over K. For
example, the extension R ⊂ C is a degree two extension. A degree two extension is also
called a quadratic extension. We proved the following characterization of quadratic
extensions: Let K ↪→ L be a field extension, and assume that 1 + 1 6= 0. Then K ↪→ L
is quadratic if and only if there exist θ ∈ L \K such that θ2 ∈ K and L = K(θ).

Please note that the first exercise set is posted on the course website.
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Definitions to know: degree of a field extension, quadratic extension (and all the
terms from linear algebra listed above).

Monday Sept 12: We proved the Theorem on Multiplicativity of Degree:
If F ↪→ K ↪→ L is a composition of field extensions, then [L : F ] = [L : K][K : F ].
[The proof went like this: let {βj} be a basis for L as a K-vector space, and let {αi}
be a basis for K as an F -vector space. We showed that the set of products {αiβj} is a
basis for L over F . We did this in two steps: we showed first that {αiβj} spans L over F
and then that the set {αiβj} is linearly independent over F . To see they span, we wrote
each element of L as a linear combination of the αiβj with coefficients in F . To show
they are linearly independent, we showed that any F -relation

∑
fijαiβj = 0 must have

all coeffients fij = 0. ]
In the second hour, we made many definitions: Fix any field extension K ⊂ L.

(1) The field extensionK ⊂ L is primitive if L = K(β) for some β ∈ L. We observed
that it is not always obvious when an extension is primitive: for example, Q(i,

√
2)

can be generated by
√

2 +
√

2i as an extension of Q, so it is primitive over Q.
(2) An element α ∈ L is algebraic over K if there exists a non-zero polynomial

f(x) ∈ K[x] such that f(α) = 0. Otherwise, we say α is transcendental over
K. For example i is algebraic over Q since it satisfies the polynomial x2 + 1
(which has coefficients in Q). Likewise e2π/7 is algebraic over Q since it satisfies
x7−1 ∈ Q[x]. The real number π is not algebraic over Q; π is transcendental over
Q (This is well-known but not obvious! I included a link to a proof on the course
website.) On the other hand π is algebraic over R, since it satisfies x− π ∈ R[x].

(3) The minimal polynomial of an algebraic element α over K is in the unique
monic polynomial of minimal degree in K[x] such that f(α) = 0. [We proved
there is such a unique monic polynomial.]

(4) A field extension K ↪→ L is algebraic if every α ∈ L is algebraic over K. We
proved that every finite degree extension is algebraic. [The proof goes like this:
Suppose [L : K] = d. If α ∈ L, the set {1, α, α2, . . . , αd} of d + 1 elements must

be algebraically dependent. If
∑d

i=0 kiα
i = 0 is a non-trivial relation, then α

satisfies the polynomial
∑d

i=0 kix
i ∈ K[x].]

Definitions/Theorems to know: multiplicativity of degree formula, algebraic
element, transcendental element, algebraic extension, minimal polynomial.

QUIZ in Wednesday’s demo will involve definitions from Week 1 (not week 2 yet. No
stress!).

Wednesday Sept 14: Fix a field K and an element α in some extension field L of
K. We stated the following important facts in this situation:

Proposition 1: The minimal polynomial f(x) ∈ K[x] of α is irreducible. This means it is not
the product of polynomials of smaller degree.



Theorem 1: Conversely, if α satisfies some monic irreducible polynomial f(x) ∈ K[x], then
f is the minimal polynomial for α over K.

Theorem 2: The degree [K(α) : K] = d, where d = degree of the minimal poly of α over K.

The proof of the proposition was easy: If f = gh is a factorization of polynomials over
K, then plugging in α ∈ L, we have f(α) = g(α)h(α) as elements of the field L. But in
any field, the product of two non-zero elements must be non-zero. This ensure that the
minimal polynomial of α can not be factored into smaller degree polynomials.

The proofs of the Theorems are a bit harder, and so we began reviewing some ring
theory. By definition, an ideal in a ring R is a non-empty subset I such that

(1) x+ y ∈ I whenever x, y ∈ I;
(2) rx ∈ I whenever x ∈ I and r ∈ R.

The main example of a ring in this class is the polynomial ring K[x] (where K is a field).
The main example of an ideal in K[x] is the set of multiples of a fixed polynomial f(x),
called the ideal generated by f and denoted (f). An ideal generated by one element is
also called a principal ideal.

You are familiar with the ring of integers Z since elementary school, which shares many
properties with the ring K[x]. The similarities follow from the Division Algorithm:
If f, d ∈ K[x] with d 6= 0, then there exist unique q, r ∈ K[x] such that f = qd + r with
either r = 0 or deg(r) < deg(d). Using the division algorithm (and the corresponding
division algorithm for Z), we proved the following Theorems:

(1) Every ideal in Z is principal. The smallest positive integer in I will generate.
(2) Every ideal in K[x] is principal. A smallest degree polynomial in I will generate.

We will use these next time to prove Theorems 1 and 2 above.
Definitions/Theorems to know: commutative ring, ideal, division algorithm,
irreducibility of minimal polynomials, relationship between degree of primitive extension
and degree of minimal polynomial.

Monday Sept 19: We first wrote down the following definitions: An ideal J in a
ring R is generated by a subset S if J is the smallest ideal of R containing S, or
equivalently, if J =

⋂
I ideal of R, S⊂I I. The notation for the ideal generated by S is (S).

An ideal is principal if it is generated by one element.
We then proved Theorems 1 and 2 from last lecture. The proof of Theorem 1 used

only the division algorithm in K[x]. Here is it: say f(x) ∈ K[x] is a monic irreducible
polynomial with f(α) = 0. If f is not the minimal polynomial of α, then there is some
polynomial d of smaller degree such that d(α) = 0. Using the division algorithm, write
f = qd + r where r is the remainder polynomial, of degree even smaller than d. Note
that r 6= 0 since f is irreducible. Plug in α. Since f(α) = q(α)d(α) + r(α) and both
f(α) and d(α) are zero, we see that also r(α) = 0. This contradicts d’s minimality.

The proof of Theorem 2: Let d(x) be the minimal polynomial of α, and suppose
its degree is D. We then proved that the set {1, α, α2, . . . , αD−1} is a basis for K(α)
as a vector space over K. First, we showed that these are linearly independent (any



relation would allow us to produce a polynomial of smaller degree than D satisfied
by α). We then showed that they span in two steps: the field K(α) consists of all
rational expressions a0+a1α+...anαn

b0+b1α+···+bmαm where ai, bj ∈ K (and of course, the denomina-

tor is not zero). The first step was to observe that in K(α), the span of the infi-
nite set {1, α, α2, . . . , αD−1, αD, αD+1, . . . } is the same as the span of the finite sets
{1, α, α2, . . . , αD−1}, so we can think of the elements of K(α) as rational expressions
a0+a1α+...aD−1α

D−1

b0+b1α+···+bD−1αD−1 . We then showed the hardest part: that we can in fact take the de-

nominator to be a constant in K. The trick was to let g(x) = b0 + b1x+ · · ·+ bD−1x
D−1,

and consider the ideal generated by (d, g) in K[x]. Using the Theorem that every
ideal of K[x] is generated by one element, we know (g, d) = (h) for some polynomial h
(necessarily of degree < D). In particular, we can write d = hq for some q ∈ K[x];
this contradicts the fact that the minimal polynomial d is irreducible unless h is a
(non-zero) scalar. But in this case, the ideal (g, d) = (h) is the whole ring. This
means that 1 ∈ (g, d). So we can write 1 = pg + qd for some p, q ∈ K[x]. Plug-
ging in α, we see 1 = p(α)g(α) (since d(α) = 0). This means that in K(α), we have

1
g(α)

= p(α) ∈ K-span {1, α, α2, . . . } = {1, α, α2, . . . , αD−1}. It follows that K(α) is

spanned by {1, α, α2, . . . , αD−1}, and hence has dimension D over K.
I also gave a “slick” version of the proof: The ring homomorphism φ : K[x] → K(α)

defined by “evaluation at α” has kernel generated by the minimal polynomial d(x). By
Noether’s first isomorphism theorem, there is an isomorphism K[x]/(d(x)) → im(φ) ⊂
K(α). Since d is irreducible, the ideal (d(x)) is maximal, so K[x]/(d(x)) is a field. This
field has dimension D, since the classes of {1, x, x2, . . . , xD−1} are a basis. The isomorphic
field im(φ) contains both K and α, so must be K(α) (the smallest field containing K
and α). Hence K(α) also has dimension D over K.
Things to know for Wednesday’s Quiz: The statements of Theorems 1 and 2

(not the proofs). The division algorithm in K[x]. The fact that all ideals in K[x] are
principal, and what it means that an ideal is “generated by” S. The homework problems
from Homework Set 2.

Wednesday Sept 21: We talked about irreducibility of polynomials over a field
K. The main results we proved are:
Eisenstein’s Criterion: Let f(x) ∈ Z[x] and suppose there is a prime p such that p
divides all non-leading coefficients of f , p does not divide the leading coefficient and p2

does not divide the constant coefficient. Then f(x) is irreducible in Z[x].
Gauss’s Lemma: Let f(x) ∈ Z[x]. Then f is irreducible in Z[x] if and only if f(x) is
irreducible in Z[x].

We used these to show that x7− 13, 2
5
x7 + 5

17
x4− 7

3
x4 + x+ 64 and Φ(x) = x4 + x3 +

x2 +x+ 1 are irreducible over Q. For the second, we needed to multiply by 3 · 5 · 17 first.
For the third, we applied Eisenstein to Φ(x+ 1).
Things to know: Ways to use Eisenstein to establish irreducibility of (certain)

polynomials.



Monday Sept 26: We talked about the Greek point of view on numbers. The gods
have given us two points, and two tools, the straightedge and the compass, from which
we would like to construct all of mathematics (numbers, shapes, etc) using only these
gifts and the axioms of Euclidean geometry. The straightedge may be used to construct
the unique line (or line segment) between any two given points. The compass may be
used to construct the unique circle through one given point with center at another given
point. A point P is said to constructed or constructible if it is the intersection of
two constructed lines, two constructed circles, or a constructed circle with a constructed
line, or if P is one of our two original god-given points. A line (or circle) is constructed
or constructible if it is constructed from two constructed points using the straightedge
(or compass). A real number λ is constructible if |λ| is the length of a constructible
line segment, where the segment determined by the original two points provides our unit
length.

We reviewed several basic constructions from high school using only the straightedge
and compass:

(1) Given a line segment AB, we showed how to construct a perpendicular bisector—
that is a line ` such that, if M is the point constructed by the intersection `∩AB,
then AM ∼= MB and ` ⊥ AB.

(2) Given a line ` and a point P , we showed to construct a perpendicular line `′ to `
through P (whether or not P ∈ `).

(3) Given a line ` and a point P not on `, we showed to construct a parallel line ˜̀ to
` through P .

(4) Given a line segment AB, and some line ` with a point P on `, we showed how
to construct a line segment PQ on ` such that PQ ∼= AB.

We proved the Theorem: The set of constructible numbers is a subfield of K. The
proof is summarized by the following sketch.

We also proved Theorem: If a ∈ K, then also
√
|a| ∈ K; that is, the

field of constructible numbers is closed under quadratic extension.

To summarize: The Greeks were able to construct all rational numbers and all square
roots using only compass and straightedge (from two god given points). The set of all
constructible numbers forms a field K, and clearly Q ⊂ K ⊂ R. What is K really? Might



it be all of R? The Greeks certainly believed so, and this problem vexed mathematicians
through the Renaissance. We will answer this next time.

Wednesday Sept 28: We discussed the following Theorem: Let L be a finitely
generated subfield (over Q) of K, the field of constructible numbers. Then there exist
intermediate fields Ki such that Q = K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kn = L such that
[Ki : Ki−1] = 2 for each i. Put differently, L is obtained by a succession of quadratic
extensions, that is, by adjoining a sequence of square roots. An important corollary is
[L : Q] = 2n whenever L consists of constructible numbers (and is finitely generated).
This means that K is the quadratic closure of Q: the smallest extension field of Q closed
under

√
.

This theorem is the secret to proving the impossibility of the famously impossible
Greek constructions. For example, because Q ⊂ Q( 3

√
2) has degree 3, we saw that 3

√
2

can not be constructible! This means we can’t “double the cube” since doubling the unit
cube would involve constructing an edge of length 3

√
2. We also saw that we can not

trisect the angle π/3. If we could, then we’d construct an angle π/9, and hence cos(π/9).
But using the formula for the cos(α + β), we then saw that cos(π/9) then satisfies the
polynomial 8x3− 6x− 1, which we proved to be irreducible by reduction modulo 5. This
shows that we can not trisect an angle of measure π/3. We will prove the theorem next
time.

Monday Oct 3: We prove the Main Theorem on Constructible Numbers: Let
λ be a constructible number. Then Q(λ) is a composition of quadratic extensions of Q.
This implies the theorem from last time and all the consequences for non-constructibility.
The point is to use the technology of the Cartesian plane. We showed that a point is
constructible if and only if its coordinates are in K. To prove the theorem, we imagined
λ as a coordinate of a particular point P which is constructed in some finite sequence of
constructions of points from the two god-given point. The first two points are defined
over Q. A point P is defined over a field L (subfield of R) if its coordinates are in L.
A line is defined over L it is determined by two points defined over L; equivalently, a
line is defined over L if it has an equation of the form ax + by = c where a, b, c ∈ L.
A circle is defined over L its center is defined over L and it passes through one point
defined over L; equivalently, a circle is defined over L if it has an equation of the form
(x − p)2 + (y − q)q = r2 where p, q, r2 ∈ L. The main point of the proof is this: if a
collection of points S (and hence the set of lines and circles they determine) is defined
over L, and some point Q is constructed from S (by intersecting two circles, two lines or
a circle and line defined by S), then Q is defined over some quadratic extension L′ of L.
Using this, we saw that after finitely many quadratic extensions of Q, we eventually can
get λ.
NEXT TIME: We will define the Galois Group. Please review the definition of a group!



Wednesday Oct 5: Fix a field extension K ↪→ L. We defined an automorphism

of this extension or K-automorphism to be a bijection L
φ−→ L which

(1) respects the addition and multiplication of L: φ(x+y) = φ(x)+φ(y) and φ(x·y) =
φ(x) · φ(y) for all x, y ∈ L, and

(2) fixes every element of K: φ(λ) = λ for all λ ∈ K.

The set of all K-automorphisms of L forms a group under composition, called the
Galois Group of the extension and denoted Gal(L/K).

We computed the Galois group of C over R; it is the two element group consisting of
the identity map and the complex conjugation map. We also computed the following
more complicated example: Let K5 be the field obtained by adjoining all the fifth roots
of unity to Q, so that K5 = Q(e2πi/5). We showed that Gal(K5/Q) is a four-element
group generated by the Q-automorphism which sends e2πi/5 to e4πi/5. Explicitly, if we
recall that {1, e2πi/5, e4πi/5, e6πi/5} is a basis for K5 over Q, the map φ is given by the
formula:

φ(a+ bη + cη2 + dη3 = a+ bη2 + cη4 + dη6,

where η = e2πi/5. Note that φ ◦ φ is the conjugation map, and φ ◦ φ ◦ φ is φ−1.
The key observations we used to compute this group are the following:
Lemma: A K-automorphism of L = K(α1, . . . , αn) is uniquely determined by the

images of α1, . . . , αn.
Crucial Lemma 1: If f(x) ∈ K[x] and α ∈ L satisfies f(α) = 0, then also f(φ(α)) =

0 for any K-automorphism φ.
Crucial Lemma 2: If f(x) ∈ K[x] is IRREDUCIBLE and α, β ∈ L both satisfy

f(α) = f(β) = 0, then there is a K-isomorphism K(α)
φ−→ K(β) sending α to β. In

particular, if K(α) = K(β) = L, then there is a K-automorphism of L sending α to β
when both are roots of the same irreducible polynomial over K.
Words to Know: Automorphism of field extension, Galois group.

Monday Oct 10: We continued to discuss techniques for computing the Galois group
of a field extension L over K. We observed that the lemmas from last time imply that the
Galois group of any finite degree extension is finite. We then interpreted Galois groups as
permutations of the roots of certain polynomials. For example, we reinterpreted Lemma
1 from last time as:

Crucial Lemma 1: Let L be any extension of K and f(x) ∈ K[x] any polynomial.
Let S = {β1, . . . , βt} be the complete set of all roots of f(x) in L. For any φ ∈ Gal(L/K),
φ|S is a permutation of the elements of S. That is the map

Gal(L/K)
restriction−→ Perm(S) ∼= St

is a group homomorphism. We also observed that if S contains a generating set of L
over K, then this homomorphism is injective.



Importantly, it is NOT the case that every permutation of roots is induced by an
automorphism of the field L. However, Lemma 2, reinterpreted from last time, helps us
identify elements of the Galois group:

Crucial Lemma 2: Let L = K(α) be an extension of fields and let f(x) ∈ K[x] be
IRREDUCIBLE polynomial such that f(α) = 0. Then for any other root β ∈ L of f ,
there exists φ ∈ Gal(L/K) such that φ(α) = β.

Lemma 3: If F ⊂ K ⊂ L is a composition of field extensions, then there is a natural
inclusion of Galois groups Gal(L/K) ⊂ Gal(L/F ).

Using these three lemmas, we saw that the Galois group of Q(
√

2,
√

3) over Q is the
four element group consisting of the identity, the automorphism φ sending

√
2 to −

√
2

and fixing
√

3, the θ sending
√

3 to −
√

3 and fixing
√

2, and the composition θ◦φ (which
equals φ ◦ θ) sending

√
2 to −

√
2 and

√
3 to −

√
3. Each of these three (non-identity)

elements has order two. So the Galois group is order 4, but not cyclic. It is isomorphic
to a product of two cyclic groups of order two (the Klein 4-group).

Note that both the fields Q(
√

2,
√

3) and Q(e2πi/5) are degree four extensions of Q. So
they have the same “size” but not the same “shape”, since Gal(Q(e2πi/5)/Q) is cyclic of
order four whereas Gal(Q(

√
2,
√

3)/Q) is not.
REVIEW: Make sure you know material from Algebra 1: order of an element in a

group, cyclic groups, products of groups, generators and relations of groups, the permu-
tation group Sn.

Wednesday Oct 12: We reviewed some definitions from Galois theory: group,
subgroup, group homomorphism, group isomorphism, subgroup “generated by a subset”,
cyclic, order of a group, order of an element, and Lagranges’s theorem stating that if H
is a subgroup of G, then |H| divides |G|.

We then observed that there is a connection between subgroups of a Galois group
Gal(L/K) and intermediate fields F between K and L. Indeed, fix a field extension
K ⊂ L. Then:

Prop 1: Given a field F such that K ⊂ F ⊂ L, the group Gal(L/F ) is a subgroup of
Gal(L/K).

Prop 2: Given a subgroup H of Gal(L/K), the set LH = {x ∈ L |hx = x for all h ∈
H} is a subfield of L containing K.

The main theorem of Galois theory will be that (under suitable hypothesis) these
mappings between the set of intermediate fields of L/K and the set of subgroups of
the Galois group of L/K are mutually inverse. This a powerful because it will allow
us to replace the study of field extensions with the (hopefully simpler) study of their
Galois groups. One immediate corollary is that if [L : K] < ∞, then there are only
finitely many extensions between L and K (since a finite group can have only finitely
many subgroups, and the set of subgroups is in bijective correspondence with the set of
intermediate fields).



We then proved the following: Let K ⊂ L be an extension, and let f(x) ∈ K[x] be
any polynomial. Let S = {β1, . . . , βt} be the complete set of roots of f in L. Then
restriction to S induces a natural group homomorphism

Gal(L/K)→ Perm(S) = St φ 7→ φ|S ,

where Perm(S) is the group of permutations (self-bijections) of S = {β1, . . . , βt}. Fur-
thermore if L = K(β1, . . . , βt), then this homomorphism is injective. In this way will
can think of Gal(L/K) as a subset of the permutation group of some set of roots (in L)
of some polynomial over K.

Monday Oct 17: We computed the Galois group G of the splitting field of x3 − 2 ∈
Q[x]. Using the main theorem from last time, we saw that G embeds in the permutation
group of the set { 3

√
2, e2πi/3 3

√
2, e4πi/3 3

√
2} (the full set of roots of x3−2). The embedding

is literally restriction of automorphisms of L. This tells us G is a subgroup of S3, so
could have order 1, 2, 3, or 6 (by Lagrange’s Theorem). Conjugation (denoted γ) was one
easy element to identify, so G is not trivial. Using the CRUCIAL LEMMA 2, we showed
that there is an Q-automorphism θ which sends 3

√
2 7→ e2πi/3 3

√
2, e2πi/3 3

√
2 7→ e4πi/3 3

√
2,

and e4πi/3 3
√

2 7→ 3
√

2. This automorphism has order 3. Using this we concluded (since we
found four elements: e, γ, θ, θ2) that G is (isomorphic to) the full permutation group on
{ 3
√

2, e2πi/3 3
√

2, e4πi/3 3
√

2}.
We then reviewed the cycle notation for Sn. For example, conjugation γ above restricts

to the permutation of { 3
√

2, e2πi/3 3
√

2, e4πi/3 3
√

2} = {β1, β2, β3} which swaps the second and
third listed roots. Thus γ can be denoted (23). Likewise, θ can be denoted (123). Be
sure to review cycle notations if it is not familiar.

Finally, we also looked at the lattice subgroups of G and the corresponding lattice
of intermediate fields of L over K (obtained by computing the fixed field of each sub-
group). In addition to the whole group (which corresponds to Q) and the trivial group
(corresponding to L), we had three order two subgroups, generated by (12), (13) and
(23) respectively and one order three group containing θ and θ2. The fixed fields are
Q(β3), Q(β2), and Q(β1), respectively, and then K3 = (e2πi/3).

Wednesday Oct 19: We defined a normal field extension: The extension K ⊂ L
is normal if for every irreducible polynomial f(x) ∈ K[x], if there exists α ∈ L such that
f(α) = 0, then f factors completely into linear factors in L[x]. That is, an extension
L/K is normal if every irreducible polynomial f(x) ∈ K[x] with one root in L has all
roots in L. We proved an important characterization of normal extensions— Theorem:
An extension L/K is normal and finite if and only if L is the splitting field of some
polynomial f ∈ K[x].

We then stated the fundamental theorem of Galois theory: Let K ⊂ L be a normal
field extension (where K contains Q), and let G be the Galois group of L/K. Then there
is a one-to-one order reversing correspondence between the set G (of subgroups of G)



and the set F (of intermediate fields between K and L) defined by the mutually inverse
maps

G → F H 7→ LH ,

F → G F 7→ Gal(L/F ).

Furthermore, if the field F corresponds to the subgroup H under the Galois correspon-
dence, then

(1) [L : F ] = |H| and [F : K] = |G|/|H|. In particular |G| = [L : K].
(2) H is normal subgroup of G if and only if the extension K ⊂ F is a normal field

extension; in this case Gal(F/K) ∼= G/H.

Monday Oct 24: We reviewed the definition of a normal subgroup of a group G: a
subgroup H is normal in G if for all g ∈ G and all h ∈ H, g−1hg ∈ H. Equivalently,
for all g ∈ G, the sets gH and Hg are equal. When H is normal, the set G/H of cosets
gH has a natural group structure. Whether or not H is normal in G, its index [G : H]
the number of cosets in G/H, which is |G|/|H| if G is finite. This is the order of G/H
if H is normal. We then discussed the following corollary of the fundamental theorem
of Galois theory: Let L/K be a normal extension (assume Q ⊂ K). Let F1 ⊂ F2 be an
inclusion of intermediate fields, with H1 ⊃ H2 the corresponding subgroups of Gal(L/K)
under the Galois correspondence. We proved that [F2 : F1] = [H1 : H2] = |H1|/|H2|,
the index of H2 in H1. This follows easily from the fundamental theorem of Galois
theory, using the multiplicativity of degree. The corollary ensures that each inclusion in
the lattice of subgroups of G (respectively, in the lattice of intermediate fields) can be
labelled with the corresponding index (respectively, degree) and corresponding labellings
each inclusion will be the the same. We then worked out some examples of the Galois
correspondence, including the splitting field of x3 − 2 over Q. We started on the Galois
group of x4 − 7 and will continue next time.

Wednesday Oct 26: We restated the Fundamental Theorem of Galois Theory in
the following way: Let K ⊂ L be a finite normal extension of fields containing Q,
and let G be the Galois group. Let G be the labelled directed graph of subgroups of G,
meaning the graph whose nodes are the subgroups of G, whose directed edges (or arrows)
are the inclusions among them, and whose labellings on the arrows are the indices of
the corresponding inclusions of groups. Let F be the labelled directed graph of sub-K-
extensions of L, meaning the graph whose nodes are the intermediate fields L/K, whose
directed edges (or arrows) are the inclusions among them, and whose labellings on the
arrows are the degrees of the corresponding field extensions. Then the mutually inverse
maps of the Galois Correspondence [in which H 7→ LH and F 7→ Gal(L/F )] defines
a bijection between G and F which preserves the structure of the directed labelled graphs
(except for reversing all arrows). Furthermore: normal nodes correspond to each other
under this correspondence in the sense that H ∈ G is a normal subgroup if and only if
the corresponding F ∈ F is a normal extension of K.



We then worked out a complicated example, namely the example of the Galois group
G of x4 − 7 over Q. We saw that that G is an order 8 group generated by an order 4
element φ and an order two element γ (conjugation). As a subgroup of the permutation
group of the roots { 4

√
7, i 4
√

7,− 4
√

7,−i 4
√

7, } these two elements are (1234) and (24). The
relations on these generators are φ4 = γ2 = id and γφ = φ3γ. Using this, we also saw that
the group is isomorphic to the symmetry group D4 of the square, with φ corresponding
to rotation (counterclockwise) by π

2
and γ corresponding to reflection over the x-axis.

[We also cautioned that there is more than one isomorphism of G with D4!]. We then
worked out the complete graph G and the corresponding graph F . As is typical, it was
easier to find G. We first found the three order four subgroups: a cyclic group generated
by φ, and two Klein groups, one generated by horizontal and vertical reflections, the
other by the two diagonal reflections. We also found easily that there are five order 2
subgroups, each generated by one of the five order two elements of G. We then wrote out
the entire partially ordered set of subgroups, labelling each inclusion by the index. By
the fundamental theorem, we knew immediately that F has the exact same shape—
only the inclusions have been reversed. We then worked out what each of the fields
must be by thinking of elements FIXED by various elements of G. In general it is tricky
BUT we have many clues (including degrees) and the information is usually thoroughly
over-determined.

Monday Oct 31: We again restated the Fundamental Theorem of Galois Theory:
for a finite normal extension L/K, the Galois correspondence gives an order reserving
but label preserving bijection between the poset1 F(L/K) of intermediate fields with
inclusions labelled by degree and the poset G(L/K) with inclusions labeled by the index.
Furthermore, if F1 ⊂ F2 in F corresponds to H1 ⊃ H2 in G, then the extension of fields
is normal if and only if the inclusion of groups is normal, and in this case Gal(F2/F1) ∼=
H1/H2. We pointed out that if L/K is normal, then for any intermediate extension L/F
is also normal, and its Galois correspondence is a (labelled) sub-graph of the one for
L/K.

We then started talking about solvability by radicals. Classically, mathematicians
wanted to find a formula for the roots of a degree n polynomial expressing them in
terms of the coefficients of the polynomials using the operations +, ·,−, : and d

√
. A

necessary condition for this is that the roots are expressible in radicals, for example, as

an expression of the type 2 − 4
3

5
√

3 + 7
√

13. Formally, we defined an element α to be
expressible in radicals over K is α ∈ L′ where L′ can be obtained from K by a
succession of extensions by radicals:

K = K0 ⊂ K1 ⊂ · · · ⊂ Ki ⊂ Ki+1 ⊂ · · · ⊂ Kn = L′

1poset is an standard abbreviation for partially ordered set; in this case, the partial ordering is given
by inclusion.



with each Ki+1 = Ki(βi) where βi is a root of a polynomial of the form xdi − βi ∈ Ki[x].

The example 2− 4
3

5
√

3 + 7
√

13 is expressible in radicals over Q since we have

Q ⊂ (
7
√

13) = K1 ⊂ K1( 5
√
β) = L′,

where β = 3 + 7
√

13 ∈ K1. We saw that this is equivalent to stating that α ∈ L where L
is obtained by a succession of splitting fields of polynomials of the form xdi − βi.

K = L0 ⊂ L1 ⊂ · · · ⊂ Li ⊂ Li+1 ⊂ · · · ⊂ Ln = L

with each Li+1 the splitting field, over Li, of a polynomial of the form xdi−βi ∈ Li. Note
that L may be much larger than L′, since we are adjoining all roots of the polynomials
xd−β, but the extensions are nicer because each is normal. In our example, for example,
we also would be adding in all the seventh and fifth roots of unity to L.

We claimed that extension of this type, namely, a succession of normal radical exten-
sions, have special Galois groups. We defined a group G to be solvable if it has a chain
of subgroups

G = G0 ⊃ G1 ⊃ · · ·Gi ⊃ Gi+1 ⊃ · · · ⊃ Gn = {e}
where each Gi+1 is normal in Gi and the quotients Gi/Gi+1 are abelian. We will discuss
this more next time.

Wednesday Nov 2: We digressed a bit to discuss some group theory. One of the
crowning achievements of twentieth century mathematics has been the classification of
all finite groups. Every finite group G is either simple or can be constructed by a
succession of extensions by smaller groups. By definition, a group G is simple if it has
no proper non-trivial NORMAL subgroups. If G is not simple, then it is an extension
of a proper normal subgroup N by some proper quotient group G/N (so we think of G
as being constructed from these two smaller groups N and G/N). The next step is to
identify all simple finite groups. Amazingly, this has been done. There are four types:

(1) cyclic groups of prime order (these are the only abelian simple groups);
(2) The alternating groups An for n ≥ 5.
(3) certain groups of “lie type” (matrix groups over finite fields)
(4) one of 26 remaining “sporadic groups,” the largest of which is the monster group

of order about 8× 1053.

We then went on to define An. We observed that every permutation σ ∈ Sn is a product
of transpositions. This expression is not unique, but among all the different ways of
writing σ = τ1 ◦ τ2 ◦ · · · ◦ τd, the parity of d is well-defined..that is, for a particular σ, d
is always even OR always odd. The sign of σ is defined as (−1)d. We say σ is an odd
permutation if the sign is -1 and an even permutation if the sign is 1. The set of all
even permutations in Sn forms a subgroup An called the alternating group. Its index
is two, so it is normal.

A good way to think of Sn is as the group of permutation matrices. These are
the matrices that have exactly one 1 in each row/column and zero everywhere else. Put



differently, they are the matrices (in the standard basis e1, . . . , en) of the linear trans-
formations obtained by permuting the n basis elements {e1, . . . , en}. For example, the
transposition (12) corresponds to the matrix [e2 e1 e3 e4 . . . en] obtained by permuting
the first two columns of the identity matrix. Composition of permutations corresponds to
matrix multiplication, and the sign of a permutation is its determinant. Since swapping
two columns changing the determinant’s sign, it is clear that the determinant of the ma-
trix corresponding to σ ∈ Sn is one if σ is a product of an even number of permutations
and -1 it is is product of an odd number of permutations. Thus An is the intersection of
the two subgroups of GLn—namely An = Sn ∩ SLn. The determinant map (restricted
to Sn) is a group homomorphism to the multiplicative group {±1} and its kernel is An.
So An is clearly normal of index two in Sn. Next time, we will show that An is simple
for n ≥ 5, which will be an important part of the proof (eventually) the roots of certain
polynomials are not expressible in radicals.

Monday Nov 7: We discussed group actions on a set., which should be familiar
already from the homework. By definition a group G acts on a set X if there is a map
G×X → X sending (g, x) 7→ g·x such that e·x = x for all x ∈ X and g1·(g2·x) = (g1◦g2)·x
for all x ∈ X and all g1, g2 ∈ G. I will ask you to prove in Wednesdays quiz that this
is the same as stating that there is a group homomorphism G → Bij(X). Suppose a
group G acts on a set X.

The orbit of x ∈ X is the set G · x = {g · x | g ∈ G}. The orbit is a subset of X. Note
that X is the disjoint union of all its orbits under G.

The stabilizer of x ∈ X is the subgroup of elements in G that fix x. [You should check
that this is a subgroup.]

We proved the orbit-stabilizer theorem: If a finite group G acts on a set X. Then
for any x ∈ X, |G| = |Stab(x)| · |orbit(x)|. In particular, the cardinality of any orbit
divides the order of G. We used this to count to cardinality of the symmetry group of the
cube: the group acts on the set of six faces. The orbit of any face is the set of all faces
(so cardinality 6). The stabilizer of any face is the cyclic group of 90-degree rotations
around the axis perpendicular to the face, hence order 4. So |G| = 4 · 6 = 24.

We proved Cauchy’s Theorem: If G is a finite group whose order is divisible by p
(prime), then G contains an element of order p. This followed from the Cp action on the
set X = {(g1, . . . , gp) | g1 ◦ · · · ◦ gp = e} ⊂ Gp by cyclic permutations. The fixed points
correspond exactly to elements g of G such that gp = e, and by counting orbits, we saw
that the number of fixed points must be at least p.

Using Cauchy’s theorem, we saw that the Galois group G of any irreducible polynomial
f(x) ∈ Q[x] whose degree is a prime number p must contain an element of order p. The
point is that p|[L : Q] by the theorem on multiplicativity of degree, so p| |G| by the
Fundamental theorem of Galois theory.

Wed November 9: We proved that An is simple for n 6= 4. As a corollary, we saw
that Sn and An are not solvable for n ≥ 5. We also showed that any subgroup of S4 is



solvable. In particular, any polynomial of degree 4 or less is solvable in radicals. For a
polynomial of degree 5 or more, its roots will be expressible in radical if and only if its
Galois group is solvable. We gave explicit examples where the Galois group is S5 (the
proof worked for any irreducible degree 5 polynomial with three real and two non-real
roots), hence the roots are not expressible in radicals.

Monday November 14: We proved the Theorem: Let K be a subfield of C. Then
the roots of f ∈ K[x] are expressible in radicals over K if and only if the Galois group
of f over K is solvable. The details in one direction are left to Problem Set 10.

Wednesday November 16: Let G be the Galois group of a normal finite extension
L/K (containing Q). Let F be the set of intermediate fields, and G be the set of
subgroups of G. We observed that there is a natural action of G on F and on G. Under
this action, an element φ ∈ G sends a field F ∈ F to the isomorphic field φ(F ) ∈ F .
Under this action, an element φ ∈ G also sends a subgroupH ∈ G to the isomorphic group
φHφ−1 ∈ H. We saw in an example that the actions are “the same” under the Galois
correspondence—that is, if H and F correspond to eachother in G and F respectively,
then also φHφ−1 and φ(F ) correspond to eachother under the Galois correspondence.

We then began the proof of the Main Theorem of Galois Theory. We showed that the
bijection between F and G follows easily from the following two Theorems:

(1) If L is any field, and H is any finite group of automorphisms, then [L : LH ] = |H|.
(2) If K ⊂ L is a finite normal extension of fields, then [L : K] = |Gal(L/K)|.

Monday November 21: We proved Theorem 1: If L is any field, and G is any finite
group of automorphisms, then [L : LG] = |G|. The proof involved some technical linear
algebra. A key point is Dedekind’s Lemma: An set of distinct field maps K → L
(some sources call these “monomorphisms”) must be linearly independent over L. You
can read the prove of Theorem 1 and of Dedekind’s Lemma in Chapter 10 of Stewart’s
book. The deadline for problem set 10 is EXTENDED by a week, and the demo is
cancelled this week.

Wednesday November 22: We proved Theorem 2: If K ⊂ L is a normal field
extension of fields containing Q, then [L : LG] = |G| where G is the Galois Group of
L/K. The main ingredients are the

(1) Separability Lemma: If p(x) ∈ K[x] is an irreducible polynomial over a field
containing Q, then p has no repeated roots in its splitting field. That is, factoring
p(x) = a(x− λ1)(x− λ2) . . . (x− λn), we have λi 6= λj for i 6= j.

(2) Theorem 3: Let L/K be a finite normal extension, and let p(x) ∈ K[x] be an
irreducible polynomial over K with roots α and β in L. Then there exists φ in
the Galois group of L/K taking α to β.

The proof of Theorem 3 uses induction on a slightly more general statement: If φ : K1 →
K2 is an isomorphism of fields which takes the irreducible polynomial p1 over K1 to the



corresponding polynomial f2 over K2, and L1 and L2 are the corresponding splitting
fields, then φ extends to an isomorphism L1 → L2 sending any root α of f1 to any root
α2 of f2. [This statement is proved by induction on the degree of f1.] We have yet to
prove the separability lemma.

To prove Theorem 2 from these two statements, we induce on [L : K]. The statement
is immediate if [L : K] = 1. Choose any α ∈ L \K. If L = K(α), we can use Crucial
Lemma 2 and the separability Lemma to see that Gal(L/K) has exactly d elements,
where d is number of roots of the minimal polynomial of αover K, which is [L : K]. So
K ( K(α) ( L. By induction, we know K(α) ( L has degree equal to Gal(L/K(α)).
By Theorem 3 and the Separability Lemma,we can find φi ∈ Gal(L/K) taking α to αi,
each of the roots of the minimal polynomial for α. We the showed that the elements

{φi ◦ τ | τ ∈ Gal(L/K(α)), i = 1, . . . , d}
are all distinct and that every element of Gal(L/K) is of this form. This means that
|Gal(L/K)| = d[L : K(α)] = [L : K].

Monday November 28: We discussed separabilty, including the proof of the
Lemma from last time. We showed that over any field, it makes sense to differentiate
polynomials. We proved a Lemma: A polynomial f(x) ∈ F [x] has a multiple root (in a
splitting field) if and only if f and df

dx
have a common factor. Using this we proved the

separability lemma. We also tied up all the details of the final proof of the Fundamental
theorem of Galois theory.

Wednesday November 30: We discussed finite fields. We defined the characteristic
of a field. We proved the following Theorem: Every finite field had pd elements for
some prime p. Conversely, for every prime power pd, there is exactly one field (up to
isomorphism) with pd elements.

Monday December 5: We finished the discussion of finite fields. Let Fpd denote the
unique (up to isomorphism) finite field with pd elements. Then it is a finite extension
of degree d of its prime field Fp. We showed that its Galois group is cyclic of order d,
generated by the p-th power map (also called the Frobenius map), which miraculously
is a field automorphism in characteristic p.

We had a few minutes left to talk about another setting for Galois theory. Namely, if we
let K = C(z) be the field of meromorphic function on the Riemann sphere, we can study
finite algebraic extensions L of K. It is a famous theorem that the category of compact
Riemann surfaces is equivalent to the category of field extensions of C of transcendence
degree one. So L corresponds to some compact Riemann surface Y (whose meromorphic
function field is L) and the inclusion K ⊂ L corresponds to a map of Reimann surfaces
Y → C. This is a d-to-1 branched cover, where d = [L : K]. We showed that (in
general whenever K is an infinite field) that L = K(α) for some α. So L = K[x]/(p(x))
where p is the minimal polynomial of α. The Reimann surface Y is the Reimann surface
corresponding to the function p(x). For example, to compute the fiber of Y → C over



a point λ ∈ C, we plug in z = λ in the coefficients of p(x). The resulting polynomial
has d roots (in general...for special values of λ, some roots may come together...these
are the branch points). The elements of the Galois group of L/K correspond to maps
Y → Y which commute with the projection to the Riemann sphere, that is, to deck
transformations.

Note to self: Next time, do group actions earlier so we have the language to describe
the map to Sn. Can mess around earlier with Sn, show for example, that it is generated
by 2 cycle and n cycle when n is prime. Also, students can get used to the idea of action
and orbit-stabilizer theorem earlier.


