
JYVÄSKYLÄ SUMMER SCHOOL:
RESOLUTION OF SINGULARITIES

KAREN E. SMITH

1. Introduction

The goal of this course is to teach you Hironaka’s famous theorem on resolu-
tion of singularities, a powerful tool for mathematicians of any stripe. We will
focus on two particular interpretations of this theorem, one geometric and one
analytic.

1.1. Geometric. The geometric version of the theorem states that every real or
complex algebraic variety, no matter how badly singular, can be dominated by a
smooth algebraic variety isomorphic to it at each of its smooth points. As we will
soon discuss in detail, an algebraic variety is a manifold-like geometric object
which can be described locally as the zero set of polynomial functions. The
magic of Hironaka’s theorem says that, after some minor surgical procedures,
our variety can be assumed smooth, so in fact it very nearly a manifold.

For example, the locus of points in R3 satisfying x2 + y2 = z2 forms a real
algebraic variety (the yellow cone below) with exactly one singular point (its
vertex). On the other hand, the equation x2 + y2 = 1 defines a smooth or
non-singular real algebraic variety in R3, namely the cylinder.
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This cylinder is a resolution of singularities for the cone: there is a simple
polynomial map which takes the cylinder onto the cone in such a way, that it is
invertible everywhere except at the vertex.

Indeed, as you should check yourself, the map
(x, y, z)

π7−→ (xz, yz, z) does the trick!

Hironaka’s remarkable theorem says that such a resolution can always be found,
for every variety, no matter how twisted, pinched or folded it may be. If this does
not sound so remarkable to you, imagine that your the original singular variety
could be a 37 dimensional geometric object embedded in a 59-dimensional ambi-
ent space, and its singular locus could be unimaginably complicated—perhaps
an 11-dimensional subvariety with hundreds of components, all of which are
themselves singular!

In our example, we considered a real variety so we could draw a picture in
three-space, but in the course we will focus on complex varieties. Hironaka’s
theorem is true for both real and complex varieties, but the basics of algebraic
geometry are more straightforward in the complex case. The is essentially be-
cause of the fundamental theorem of algebra: the zeros of a polynomial in one
variable should naturally be interpreted as complex numbers, even if some of
them happen to be real.

1.2. Analytic. The analytic interpretation of Hironaka’s theorem (also called
strong resolution, or embedded resolution) is equally impressive. It states that
every analytic function (in any number of real or complex variables) can be
“monomialized”—after a relatively simple and understandable analytic change
of coordinates, the function looks like a monomial za11 z

a2
2 . . . zann in local analytic

coordinates. As we will see, this has tremendous implications for computing
the integrability of certain functions, since integrability of monomials is easy to
understand via Fubini’s theorem. There is also a version for (real or complex)
analytic functions, rather than polynomial functions.

Returning to the example above, consider the function x2 + y2 − z2 on 3-
space. Pulling this function back under the map π above produces the function
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z2(x2 + y2− 1), which is monomial in (partial) local coordinates {x2 + y2− 1, z}
on R3 (or C3 if we wish). We leave it as an exercise for the analysts to use this
fact to show that the function 1

|x2+y2−z2|c on C3 is square integrable if and only

if c < 1.

Don’t worry if these statements are mysterious at this point: the whole point
of the course is understand resolution of singularities. We will develop the
precise definitions and basic results you need from algebraic geometry, give some
basic applications, and sketch some of the main ideas of the proof. Hironaka’s
original proof spanned over two hundred pages of the Annals of Mathematics,
so we won’t have time to get the details. On the other hand, there are much
shorter and more straightforward proofs available today (for example, [Kol]),
which can be done as the climax of a semester long introduction to an algebraic
geometry course.

I also hope to discuss some recent applications to computing the supremum,
over p, such that functions of the form 1

|f |p are locally square integrable (ie, in

L2
loc), where f here is some polynomial (or analytic) function. This supremum is

called the analytic index of singularities or the log canonical threshold of f , and
is an important invariant in algebraic geometry and complex analysis of several
variables.

Resolution of singularities is a huge topic with a classical history that has been
re-interpreted many times over into the present day. It has algebraic, geometric
and analytic aspects, of which we treat only a small part. We will work mainly
over C, which should be familiar and useful to most listeners, although resolution
of singularities also works for real varieties, or even varieties over Q (or any field
of characteristic zero). But beware: resolution of singularities is still an open
question over fields of characteristic p!

The history of resolution of singularities is sacrificed completely. The wikipedia
page on resolution of singularities has a reasonable overview.

1.3. Prerequisites. I will assume a solid understanding of point-set topology
(open, compact, continuous), basics of manifolds (charts, local coordinates),
multivariable calculus (Jacobian matrix, inverse function theorem), linear alge-
bra, and a passing familiarity with holomorphic functions and manifolds.

2. Algebraic Varieties and their mappings: the local picture

Recall that a smooth manifold (of dimension d) is a topological space in which
every point has a neighborhood homeomorphic to an open ball in Rd. In the
same way, an algebraic variety is a topological space in which every point
has a neighborhood homeomorphic to some “simpler” object called an affine
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algebraic variety. Just as the charts of a smooth manifold must glue together
by smooth mappings, so must the local charts of an algebraic variety be glued
together by special mappings, called regular mappings.

We start be focusing on the local picture. Unlike the case of manifolds, the
local neighborhoods of an algebraic variety can be wildly different from each
other. Thus the local case—affine algebraic geometry—is a rich subject in its
own right.

Definition 2.1. An affine algebraic variety is the zero locus, in Cn, of an
(arbitrary) collection of polynomials. We use the notation

V({fi}{i∈I}) ⊂ Cn

for the locus of points in Cn satisfying all of the polynomials fi indexed by the
set I.

Remark 2.2. Of course, one can also consider real algebraic varieties, the zero
sets of real polynomials in Rn. Or, for that matter, algebraic varieties can be
defined over any ground field k, provided the collection of polynomials is also
taken to have coefficients in k. Varieties over the rational numbers are of special
importance in number theory.

We restrict attention to the complex case in this brief course to keep the
discussion as simple as possible. Little is lost: given a collection of n-variable
polynomials with real coefficients, we can view the real variety they define in
Rn as the intersection Rn ∩ V , where V is the corresponding complex variety of
common zeros in Cn. On the other hand, it is easier to state and understand
many basic facts in algebraic geometry for complex varieties. The reason is
essentially the fundamental theorem of algebra: all the zeros of a polynomial
are visible over C. Hilbert’s Nullstellensatz is a multi-variable version of
the fundamental theorem of algebra. You can read more about it in [Chap 2,
SKKT]

Example 2.3. A linear variety is the zero set of a collection of (affine) linear
equations in Cn. For example, every (complex) line in Cn is a linear variety,
being the solution set to a system of n− 1 linear equations in n unknowns. In
this sense, linear algebra is a very special case case of algebraic geometry.

For the sake of concreteness, we will focus mainly on zero sets of one poly-
nomial in this course. Few complication arise in extending to the general case.

Example 2.4. The zero set of one polynomial in Cn is called an affine algebraic
hypersurface. For example, the cone and the cylinder discussed in the previous
lecture are both hypersurfaces in C3 (though of course, we drew only the points
that happen to have real coordinates).
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Affine algebraic varieties—even just hypersurfaces— can be very complicated.
Here are some simple hypersurfaces:

Each of these algebraic surfaces consists of the real points of an affine algebraic
variety defined by just one polynomial in three variables.1

Remark 2.5. An affine algebraic variety is the zero set of a finite number of
polynomials. This famous fact is called Hilbert’s basis theorem, and nowadays
is quite simple to prove from the fact that polynomial rings (over a field) are
Noetherian. We will not make explicit use of this fact, however.

Remark 2.6. The collection of polynomials defining an affine algebraic variety
is far from unique. For example, you should check that the following three sets
of polynomials all define the same subvariety of C2:

(1) {x, y}
(2) {x2, y2}
(3) {x, y − xn}n∈N.

2.1. Irreducible Varieties.

Example 2.7. Consider the variety V(xyz) ⊂ C3. It consists of all the points
in 3-space where either the x or the y or the z coordinate is zero—the union of
the three coordinate planes:

.

Each of these planes is a component of V(xyz). None of these planes is a union
of proper subvarieties in a non-trivial way.

Definition 2.8. An affine algebraic variety is irreducible if it is not the union
of two proper affine algebraic subvarieties. That is, an affine algebraic variety
is irreducible if it has precisely one component.

1See Herwig Hauser’s http://homepage.univie.ac.at/herwig.hauser/bildergalerie/gallery.html,
where you can also see the equations.



6 KAREN E. SMITH

Although it is not obvious, a variety can have only finitely many components.
Given a collection of polynomials defining an affine algebraic variety, it is not
at all obvious, a priori, whether or not the variety is irreducible, or how many
components it has.2

For hypersurfaces, it is easy to describe the irreducible components, as well
as choose a “nice” defining equation:

Example 2.9. Let f = fa11 f
a2
2 . . . fatt be a polynomial in n variables, factored

completely into irreducible polynomials. You should check that

V(fa11 f
a2
2 . . . fatt ) = V(f1f2 . . . ft) = V(f1) ∪ V(f2) ∪ . . .V(ft)

In particular, this shows that every polynomial is a zero set of a polynomial
without repeated factors, also called a reduced polynomial. We will always
assume that the defining equation for our hypersurfaces are reduced.

Proposition 2.10. Let V = V(f) ⊂ Cn be an affine algebraic hypersurface,
defined by the reduced polynomial f . Then V is irreducible if and only if f is
an irreducible polynomial.

We leave the proof as a (moderately challenging) exercise.

2.2. A word on topology. An affine algebraic variety has a natural topology
on it, induced by the standard Euclidean topology on Cn. The same will be true
for more global varieties obtained by glueing together affine algebraic varieties—
they will locally be zero sets of polynomials in Cn, so they come with a natural
Euclidean topology. In this minicourse, when I use topological vocabulary like
“open,” “neighborhood,” “compact” or “proper,” I am always referring to this
familiar topology.

However, there is another topology one can put on an algebraic variety, called
the Zariski topology, which we will not use in this course. The point is this:
A straightforward exercise shows that

(1) The intersection of any collection of varieties in Cn is an affine algebraic
variety.

(2) The union of any finite number of varieties in Cn is an affine algebraic
variety.

(3) Both the empty set and Cn are affine algebraic varieties.

It follows that the affine algebraic varieties in Cn form the closed sets of a
topology on Cn. This is the Zariski topology.

2A famous open problem along these lines asks whether the “variety of commuting matrices”
is irreducible. You can find the statement of this simply-stated problem on line.
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The Zariski topology is much coarser than the standard Euclidean topology
you are familiar with. The Zariski topology may seem exotic or even counter-
intuitive; for example, the Zariski topology is not Hausdorff. Indeed, all non-
empty Zariski open sets are dense in Cn! For this reason, in this brief course,
I have chosen to work in the standard Euclidean topology; by building on the
intuition and vocabulary you already have from the Euclidean topology on Cn,
I can guide you much further. But please understand that an appreciation of
the Zariski topology is essential to a serious study of algebraic geometry.3

The advantages of the Zariski topology become abundantly clear in doing
algebraic geometry over some field, like Q or Fp, without a reasonable topology
of its own. We can study the locus of points in Qn for example which satisfy
some polynomials (with coefficients in Q). The resulting “variety over Q” is
a topological space with the Zariski topology. It is this idea that led to the
unification of number theory and geometry in the second half of the twentieth
century.

2.3. Regular Functions and Mappings. Each flavor of geometry has its own
class of distinguished functions. We study continuous functions on topological
spaces, but when the topological space has more structure, we demand more
from our functions, too. In differentiable geometry, we consider smooth func-

tions on a smooth manifold M : these are simply functions M
φ−→ R with the

property that at every point, there is a chart in which the function is infinitely
differentiable. Similarly, in complex geometry, we study holomorphic functions

on a complex manifold M , namely functions M
φ−→ C that pull back to holo-

morphic functions in charts around each point. In algebraic geometry, there
are regular functions on algebraic varieties. Like smooth or analytic mappings,
regular functions are defined locally. Roughly speaking, a regular function is one
that can be represented as a rational function (with non-vanishing denominator
of course) at each point.

Definition 2.11. Let φ be a function defined in some neighborhood of p ∈ V ,
an affine algebraic variety (in, say, Cn). We say that φ is regular at p if there
exist polynomial functions f, g on Cn such that φ = f

g
in some neighborhood

U ⊂ V of p.

Example 2.12. Every polynomial function is a regular function on Cn. Fur-
thermore, the restriction of any polynomial function on Cn to an affine algebraic
variety V is a regular function on V .

3In particular, what I have defined as a “variety” here in the lectures should more properly
be called an algebraic space, although caution is always in order because different authors may
have slightly different definitions for the many variants of the definition of a “variety”.
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Example 2.13. The function φ(t) = 1
t

is a regular function on the open set
C \ {0}.

Example 2.14. The function φ(x, y) = 1
x

is a regular function on the hyperbola
V(xy − 1).

Example 2.15. Let V be the affine variety in C4 defined by xy = zw. Consider
the open set of V complementary to W = V(y, z). The function

V \W φ−→ C (x, y, z, w) 7→

{
x
z

if z 6= 0
w
y

if y 6= 0
.

is a well-defined regular function at all points of its domain. So regular
functions need not be represented globally by one rational function; the rational
expressions witnessing regularity can be different at different points.

Remark 2.16. Let V be an affine algebraic variety in Cn. An interesting
and non-obvious fact is that any regular function V → C must in fact be given
globally on V as the restriction of a single polynomial in n variables. Thus regular
functions on affine algebraic varieties can, and often are, defined as polynomial
functions in the ambient coordinates. However, allowing denominators gives us
a more flexible definition of a regular function which is also valid on an open
set of a variety. Examples 2.13 and 2.15 above show that the class of regular
functions is strictly larger then the class of polynomial functions on open subsets
of varieties.

Example 2.14 shows that the polynomial nature of a regular function on an
affine algebraic can be hidden. In this example, note that φ could have also
been expressed as φ((x, y)) = y.

Roughly speaking, a regular map between varieties is one given locally by
regular functions in the coordinates. We start with a few examples before stating
the definition.

Example 2.17. The map t 7→ (t, t2) is a regular mapping from C to the
parabola V(y − x2) in C2.

Example 2.18. The map t 7→ (t, t−1) is a regular mapping from C \ 0 to the
hyperbola V(xy − 1).

Definition 2.19. Let U
φ−→ V ⊂ Cm be a mapping from an open subset U of

a variety to a variety V in Cm. Fix p ∈ U . We say that φ is regular at p

if the composition U
φ−→ Cm is given coordinate-wise by regular functions in

a neighborhood of p. A mapping of varieties is regular if it is regular at each
point of the source.
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In the definition above, you can take all varieties to be affine algebraic va-
rieties. However, the definition as stated is correct for more general varieties
whose local charts are open sets in affine algebraic varieties.

Example 2.20. Let V and φ be as in Example 2.15. The map

V → C2 (x, y, z, w) 7→ (φ(x, y, z, w), x2 + y2 + z2 + w2)

is a regular mapping from V \W to C2.

Definition 2.21. An isomorphism of algebraic varieties is a regular mapping
that has a regular inverse.

Example 2.22. Let V = V(y−x2) be the parabola in C2. The maps t 7→ (t, t2)
and (x, y) 7→ x (restricted to the parabola) are a pair of mutual inverse regular
maps showing that the parabola is isomorphic to the complex line.

Remark 2.23. Similar to Remark 2.16, a regular mapping between affine alge-
braic varieties V → W ⊂ Cm is always given globally by m polynomial functions
in n variables. This fact reconciles our definition with some seemingly different
ones you may have seen in the literature. It also justifies the common use of
“polynomial mappings” of varieties when the correct technical term should be
“regular mappings.”

2.4. Varieties in general. A algebraic variety is a topological space with a
cover by open sets homeomorphic to open subsets of affine algebraic varieties.
The change-of-coordinate mappings must be given by regular functions in the
coordinates. An open subset of an affine algebraic variety is the simplest example
of a (not necessarily affine) variety. The simplest compact example is projective
space, which we will discuss tomorrow.

A regular mapping between (non necessarily affine) algebraic varieties is a
mapping which is locally regular in charts.

2.5. Cautionary Disclaimer. Our “definition” here of an algebraic variety
agrees with the modern one in the literature only if we work in the Zariski
topology on the affine charts.4 I have made a conscious decision to adopt a
definition closer to your intuition, so that I can use the vocabulary of the Eu-
clidean topology to take you much further along towards appreciation of Hiron-
aka’s beautiful theorem on resolution of singularities. Sorting out how different
choices of topologies (Euclidean, étale, Zariski) affect the resulting geometric ob-
jects is actually a difficult technical issue that mathematicians grappled with in
the mid twentieth century. None-the-less, the main objects of study classically
and still today, are affine and projective algebraic varieties, where the distinction

4What we have defined, essentially, is more properly called an algebraic space.
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is inconsequential. Students serious about learning algebraic geometry should
begin by learning the Zariski topology.

3. Projective Space and the global picture

Projective space, Pn, is natural compactification of n-space, as an alge-
braic variety. Projective space can be defined over R or C, or indeed any
field, but we will focus on the complex case here.

The simplest example is P1, which is a one-point compactification of the
1-dimensional complex manifold C. This is the familiar Riemann sphere. In
higher dimensions, we add a point at infinity in each direction to compactify
Cn into Pn. If you have never seen this before, I recommend reading Chapter
3 of [SKKT] or Chapter 4 of the Finnish version [KKS] available on the course
website.

Definition 3.1. The complex projective space PnC is the set of all one dimen-
sional subspaces of Cn+1.

A one dimensional subspace of Cn+1 is also called a (complex) “line through
the origin.” We can represent such a line by picking any non-zero point on it,
say (a1, . . . , an+1) ∈ Cn+1. Two such points lie on the same line if and only if
they are the same up to scalar multiple. We will denote this point in projective
space by

[a1 : a2 : · · · : an+1],

where at least one of the ai is not zero. We call this expression the homoge-
neous coordinates of the point in projective space. Note that homogeneous
coordinates are defined only up to scalar multiple:

[a1 : a2 : · · · : an+1] = [λa1 : λa2 : · · · : λan+1],

for any non-zero λ.

Put differently, the projective space Pn is the quotient of Cn+1 \ 0 by the
natural action of the multiplicative group C∗ = C \ 0. As such, it inherits the
natural quotient topology from the usual Euclidean topology on Cn+1. We will
always consider Pn as a topological space with this quotient topology in this
course.5

5Though there is also a Zariski topology on it. See [SKKT, Chapter 3].
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The definition of projective space is much more concrete
and geometric than it may appear at first glance. Think
about P1, the set of “lines through the origin” in C2. We
can represent each such line by where it intersects the
reference line x = 1. Thus a point P1 is represented by
the point (1,m) in this reference line, which is to say, by
its slope. Of course, there is exactly one point in P1 (line
through 0 in C2) that can not be represented this way:
the line through the origin parallel to our reference line.
This is the line with infinite slope. So P1, in a natural
way, can be identified with C ∪∞.

The projective line `.

The projective space Pn contains Cn, since we can map

Cn ↪→ Pn (z1, . . . , zn) 7→ [z1 : z2 : · · · : zn : 1].

Geometrically, this identities Cn with the set of lines that intersect the hyper-
plane Λ = V(zn+1− 1) ⊂ Cn+1 by representing each such line by its intersection
point with Λ. Note that most points in Pn lie in this copy of Cn—it is a dense
open set of Pn. The only points of Pn not in this copy of Cn in Pn are those that
are represented by lines parallel to the reference plane V(zn+1 − 1). These are
the points whose homogeneous coordinates have the form [z1 : z2 : · · · : zn : 0].
The set of all such is a projective space of one dimensional smaller. We call this
“the Pn−1 at infinity.”

Proposition 3.2. The projective space PnC has the structure of a compact com-
plex manifold and an algebraic variety.

Proof Sketch. For i = 1, . . . , n+ 1, consider the open sets

Ui = {[a1 : a2 : · · · : an+1] ∈ Pn | ai 6= 0}.

Each of these is identified with Cn via the map

[a1 : a2 : · · · : an+1] 7→ (
a1
ai

:
a2
ai

: · · · : î : . . . · · · : an+1

ai
).

The change of coordinate mappings are regular: they are given by rational
functions in the coordinates. You are urged to work this out explicitly for the
intersection of, say, U1 and U2 in P2. You will see that the change of coordi-
nate transformations are rational functions in the coordinates–indeed, looked
at correctly, you can see the change of coordinate transformation as essentially
multiplication by zi

zj
. Thus Pn is an algebraic variety.

We leave the compactness as a (relatively straightforward) exercise. �
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Example 3.3. The complex projective line P1 can be viewed as the algebraic
variety (or complex manifold) obtained by gluing together two coordinate charts
both C, along the open set C \ 0, via the map z 7→ 1

z
. The higher dimensional

projective spaces Pn can be defined similarly, by glueing together n + 1 copies
of Cn along certain open sets by rational maps.

3.1. Projective Varieties. We say that a polynomial is homogeneous if all
terms have the same degree. For example, x2 +xy+ z2 is homogenous of degree
2. The polynomial x5 + y is not homogeneous since its terms are degrees 5 and
1, respectively.

Caution 3.4. A homogeneous polynomial in n + 1 variables does not define
a function on Pn (unless, of course, it is constant). However, the next lemma
ensures that none-the-less, it makes sense to talk about the zero set of a
homogeneous polynomial.

Lemma 3.5. If F is a homogenous polynomial in n+ 1 variables, then a point
(a1, . . . , an+1) ∈ Cn+1 satisfies F if and only if (λa1, . . . , λan+1) satisfies F for
all scalars λ.

The lemma is easy to prove after observing F (λz0, . . . , λzn) = λdF (z0, . . . , zn),
where d is the degree of F . The lemma is important because it ensures that the
following definition makes sense:

Definition 3.6. A projective variety is a common zero locus, in Pn, of an
(arbitrary) collection of homogeneous polynomials in n+ 1 variables:

V({Fi}i∈I) = {[a1 : a2 : · · · : an+1] |F ((a1 : a2 : · · · : an+1)) = 0 for all i ∈ I} ⊂ Pn.

Proposition 3.7. A projective variety is a compact algebraic variety.

Proof Sketch. Let V = V({Fi}i∈I) be a projective variety in Pn. Under the chart
mappings Ui → Cn, the set V gets identified with the affine algebraic variety
V({Fi(z1, . . . , zi−1, 1, zi+1, . . . , zn+1)}i∈I) ⊂ Cn. The change of coordinate maps
are the restrictions of the change of coordinate mappings for the standard cover
for Pn, so they are regular maps. Thus V is an algebraic variety. It is compact
because it is a closed subset of the compact space Pn.

�

Example 3.8. Let f(x, y, z) = ax+ by+ cz be a linear form in three variables.
The set V(f) ⊂ P2 is called a line in P2. Thinking of the points in P2 as
lines through the origin in C3, the line V(f) is the complete collection of lines
contained in the plane defined by f in C3. Note that the complement in P2 of
a standard chart, say U3 where z 6= 0, is a line, namely V(z). We often think of
U3 as C2 and the line V(z) as the “line at infinity.”
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Example 3.9. A d-dimensional linear space Γ in Pn consists of the lines though
the origin in Cn+1 contained in some (d + 1)-dimensional linear Γ̃ subspace of
Cn+1. This is a projective variety, since the linear subspace Γ̃ can be described as
the kernel of matrix, hence as the zero set of a collection of homogeneous degree
1 polynomials. Obviously, a d-dimensional linear space in Pn can be identified
with Pd.

In any of the standard local charts, Γ ∩ Ui is an affine d-plane in Cn.

Example 3.10. Consider the polynomial xy − z2. Let C be projective hyper-
surface it defines in P2. What does it look like?

Let us consider the standard three charts of P2. We can think of C2 as the
chart U3 = {[x : y : 1]}, in which case we see that C is the hyperbola defined
by xy = 1 in this chart. Similarly, in each of the two other charts, C looks like
a parabola. Thus parabolas and hyperbolas are just different points of view on
the same projective conic.

We can take the reverse point of view as well. Starting with the affine hy-
perbola V(xy − 1) in C2, we view C2 as the (dense) open chart C2 ∼= U3 of P2.
Taking the closure of the hyperbola in P2, we get a closed set in the compact
space P2. This turns out to exactly be the hypersurface V(xy − z2) ⊂ P2.

We will view Pn as a natural compactification of Cn via the map

Cn ↪→ Pn (z1, . . . , zn) 7→ [z1 : · · · : zn : zn+1].

Similarly, projective algebraic varieties are natural compactifications of affine
algebraic varieties.

Proposition 3.11. The closure of an affine algebraic variety V ⊂ Cn in the
compactification Pn is a projective algebraic variety Ṽ .

Proof. We leave the hypersurface case as a straightforward exercise: one need
only “homogenize” the polynomial f(z1, . . . , zn) by adding one more variable.
The general case is not too much harder for those with strong algebra skills. We
leave it as a more challenging exercise (or see [SKKT, Chap 3].) �

3.2. Regular maps between Projective Varieties.

Example 3.12. Consider the map P1×P1 → P1 projecting onto the first factor.
You can easily check that this is regular mapping by checking that it is given
by regular functions (in fact, polynomials) in local charts. Indeed, it looks like
the standard projection C2 → C.
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Example 3.13. Fix n+ 1 linearly independent linear forms in n+ 1 variables,
f1, . . . , fn+1. The map

Pn → Pn [z1 : · · · : zn] 7→ [f1(z1, . . . , zn) : · · · : fn+1([z1, . . . , zn])

is a well-defined map (why!) which you can check to be regular since it is
rational in each of the standard charts of Pn. This type of regular map is called
a projective change of coordinates. In the case of P1, it is also called a
fractional linear or Möbius transformation, and typically expressed in one chart
as z 7→ az+b

cz+d
.

Example 3.14. Fix a point p ∈ P2 and a line ` not containing p. For every
point q 6= p, there is a unique intersection point of the line through p and q with
`. This defines a regular map

P2 \ p→ ` ∼= P1

called projection from p onto `. To see it in local coordinates, choose coor-
dinates so that ` = (y) and p = [0 : 1 : 0]. Then in the chart U3, this map is
(x, y) 7→ x. It looks like a standard projection. This map does not extend to a
regular map on all of P2.

Example 3.15. Let C ⊂ P2 be a conic, meaning the zero set of an irreducible
homogenous polynomial of degree two. Pick any point p ∈ P2 not on C, and
any line ` in P2. Then projection from p onto ` ∼= P1 is a well-defined regular
map from C to P1. This map is in fact an isomorphism, as you should prove.

4. Smoothness of varieties

Roughly speaking, an algebraic variety is smooth (or non-singular) at a
point p if it has the structure of a (complex) manifold in a neighborhood of p.

To make this precise, we can work in local charts—that is, in the affine case.
We need to understand what it means for a point p to be a smooth point of
some affine algebraic variety V ⊂ Cn.

4.1. Smoothness for Hypersurfaces. Let V be the hypersurface defined by
the polynomial f in n variables. Let p be a point on V . The implicit function
theorem states that if some partial derivative, say ∂f

∂zn
, is non-zero at p, then we

can solve for the coordinate zn in terms of the other variables z1, . . . , zn−1 in a
neighborhood U of p on V . That is, there is some function φ such that the map

(z1, . . . , zn−1) 7→ (z1, . . . , zn−1, φ(z1, . . . , zn−1)) ∈ V

identifies an open set of Cn−1 with the neighborhood U ⊂ V of p. Because f
is polynomial (hence holomorphic), the map φ is in fact holomorphic, so this
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mapping is a holomorphic mapping from an open subset of Cn−1 to a neighbor-
hood of p in V . The projection back to Cn−1 is a holomorphic inverse. In other
words, there is a neighborhood of p on V which has the structure of a complex
manifold.

Another way to frame this argument may seem more familiar if you have
recently taught calculus. Let p = (a1, . . . , an). If some ∂f

∂zi
(p) 6= 0, then we can

draw a tangent plane to V at p: it is the n− 1-dimensional linear space defined
by the (non-zero!) differential of f at p

∂f

∂z1
(p)(z1 − a1) +

∂f

∂z2
(p)(z2 − a2) + · · ·+ ∂f

∂zn
(p)(zn − an) = 0.

Because dpf is the linear function most closely approximating f near p, its zero
set is the affine linear subvariety of Cn most closely approximating V(f) near p,
that is, the tangent plane to V at p. The fact that we can draw a tangent space
to V at p is exactly our intuition of what it means that V is smooth at p. If all
partials vanish at p, then dpf = 0 and we can not draw a tangent plane to V at
p.

Definition 4.1. A complex algebraic variety V is smooth at a point p if there
is a neighborhood of p which can be given the structure of a complex manifold.

Definition 4.2. A singular point on a variety V is a point which is not smooth.
The singular set of V , denoted Sing V , is the locus of all non-smooth points.

Although it is not obvious, the dimensions of the corresponding complex man-
ifolds at two different smooth points of an irreducible variety are the same, as
you can show using a (somewhat challenging) topological argument. Thus we
can define the dimension of an irreducible variety as this common manifold di-
mension. Of course, if the variety has more than one component, these may have
different dimensions; by convention in this case, the dimension of the variety is
taken to be the largest of these.

Our opening discussion can be summarized as follows:

Proposition 4.3. Let V = V(f) ⊂ Cn be a hypersurface defined by the reduced
polynomial f in n complex variables. The hypersurface V is smooth at a point
p if and only if there is some index i such that ∂f

∂zi
(p) 6= 0.

Remark 4.4. We can take the proposition as a definition of smoothness for
hypersurfaces if we like. In fact, in dealing with varieties over more general
fields, this point of view is essentially forced upon us. See [SKKT] for a careful
development of tangent spaces and smoothness of varieties that will be valid in
the general setting.
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Example 4.5. Consider the cone V(x2 + y2 − z2) ⊂ C3. A point p of the
cone is singular if and only if all the partial derivatives of the function x2 +
y2 − z2 vanish at p. Thus the singular locus of the cone is the subvariety
V(2x, 2y,−2z) = 0, that is, the vertex of the cone. The cone is an irreducible
variety of dimension two, since at every non-vertex point, the cone has the
structure of a two dimensional complex manifold.

More generally, the hypersurface defined by f in n variables is an n − 1-
dimensional variety, whose the singular set is the subvariety

V(f,
∂f

∂z1
, . . . ,

∂f

∂zn
) ⊂ V(f).

This follows from Proposition 4.3.

Theorem 4.6. The locus of non-smooth points of an algebraic variety forms a
proper, closed algebraic subvariety.

Put differently, the locus of smooth points of any variety forms a dense
open set. An important intuitive consequence is that “nearly all” points of a
variety are smooth. A singular variety is nearly a complex manifold!

Proof sketch in the hypersurface case. Let V be a hypersurface in Cn defined by
a reduced polynomial f . We have already observed that Sing V = V(f, ∂f

∂z1
, . . . , ∂f

∂zn
),

which is a variety contained in V . It remains only to show that this variety is
proper. We need to find one point of V where some ∂f

∂zi
6= 0. The point is that

if ∂f
∂zi

(or any polynomial g) vanishes at all points of V(f), then f must divide

g. But if f divides all the polynomials ∂f
∂zi

, we can make an algebraic argument

(involving the degrees of f and ∂f
∂zi

in zi) to see that all the partials must be

zero. This makes f a constant polynomial, and the hypersurface empty (or all
of Pn if f is zero).

The general case can be reduced to the hypersurface case be a series of pro-
jections to lower dimensional spaces. We omit this argument. See [SKKT, Chap
6]. �

Remark 4.7. (1) For affine algebraic varieties defined by more than one
equation, we can use the multi-equation form of the implicit function
theorem in a similar way to understand the singular set. Alternatively,
we can explicitly find linear equations for the tangent space to a point p
on V = V(f1, . . . , fd) in terms of the Jacobian matrix

J(p) =


∂f1
∂z1

. . . ∂f1
∂zn

...
...

∂fd
∂z1

. . . ∂fd
∂zn


|p

.
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Using Kramer’s rule, it turns out the appropriate system can be solved
if and only if at least one of the (appropriately-sized) sub-determinants
of J(p) is non-zero. Thus in this case, the singular set of V will the
subvariety defined by all the (appropriately-sized) subdeterminants of
the Jacobian matrix J . See [Chap 6, SKKT], [KKS, Chap 6] or [Shaf].

(2) A technical point we have glossed over arises from the fact discussed in
Remark 2.6 (2): the polynomials defining our variety are not uniquely
determined! For example, the cone in Example 4.5 could have equally
been described as the zero set of the polynomial (x2 + y2− z2)2. Clearly,
this would have been foolhardy, and indeed, we see that in this case, all
the partials vanish at every point of the cone, which ought
to mean that every point in singular! Obviously, we want to work with
a nice set of polynomials defining the variety.

For a hypersurface, we have already observed that there is a natural
notion of “nice” defining equation. Recall that every polynomial f can
be factored uniquely as a product of irreducible polynomials:

f = fa11 f
a2
2 · · · fatt

where the fi are irreducible and the ai ∈ N . Clearly this polynomial has
the same zero set as the reduced polynomial f1f2 · · · ft. We always
take the reduced polynomial as the “nice” defining equation.6

For an affine variety V ⊂ Cn that is not a hypersurface, one can, and
should, always choose a finite set of polynomials that generate a radical
ideal of the polynomial ring in n variables over C. We will not deal
with this technicality here, so as to minimize the number of algebraic
prerequisites. See [SKKT] or [KKS].

5. Blowing up

Hironaka’s theorem on resolution of singularities tells us that given a singular
variety V , there is a smooth variety X and a proper regular mapping X

π−→ V
which is an isomorphism over the smooth locus of V . Actually, Hironaka’s proof

6An alternative approach is to consider the geometric objects defined by, for example,
x2 + y2 − z2 and (x2 + y2 − z2)2 as two genuinely different geometric objects—the former
as the standard cone and the later as the “doubled cone.” From an algebraic or analytic
point of view, this approach is completely natural and no more difficult, and indeed, a serious
study of modern algebraic geometry demands that we eventually adopt this point of view.
This brilliant insight is due to Grothendieck. His scheme theory treats “geometric objects”
defined by polynomials (called schemes) as much more than just their classical zero sets, but
with additional algebraic/analytic information as well. An elementary discussion can be found
in [SKKT] and a more detailed introduction in [Shaf, Vol 2].
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tells us much more: the map π is a composition of fairly concrete and under-
standable regular mappings called monoidal transformations or blowings
up.

5.1. Blowing Up a Point in the Plane. The idea of blowing up is this: it
is a type of “surgery” in which a point (or some higher dimensional subvariety)
is removed from a complex manifold and replaced by some projective space of
directions through the point. We will explain carefully for blowing up a point
in the plane.

Fix C2. Fix the set P1 of lines through the origin in it. Consider the subset
of ordered pairs

B = {(p, `) | p ∈ `} ⊂ C2 × P1

consisting of a point p and a line ` through the origin which contains p.

There is a natural projection map

B
π−→ C2 (p, `) 7→ p

The set B, or more accurately, the set B together with the projection π, is called
the blow-up of C2 at the origin.7

First, let us consider B and the projection B
π−→ C2 in the world of sets.

Since every point p in C must lie on some line ` through the origin, the map π
is surjective. Furthermore, if p 6= 0, there is only one such line `, namely the
unique line through 0 and p. Thus π is a bijection above C2\0. The inverse map
is given by (x, y) 7→ [x : y] in the standard coordinates. Thus π is a surjective
map which is a bijection over the set C2 \ 0.

What about the preimage of the origin? Since every line though the origin—
that is, every point in P1—tautologically passes through the origin, the fiber
π−1(0) is obviously 0× P1, that is, the full set of all lines through the origin in
C2. This special fiber, the fiber over the origin, is called the exceptional fiber
of the blowup.

Notice that π is proper— preimage of any compact set is compact. In partic-
ular, each fiber is a point, or in the case of the fiber over the origin, a copy of
P1, the exceptional fiber.

Lemma 5.1. Let x, y be the standard coordinates on C2 and [s : t] the standard
homogeneous coordinates on P1. Then B is the locus of points in C2×P1 which
satisfy the equation xt− ys = 0.

Proof. An ordered pair (p, `) = ((x, y), [s : t]) lies on B if and only if the point
(x, y) in C2 lies on the line [s : t] through the origin in C2. This is the case if

7Perhaps blowing down would have been a better name. Alas.
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and only if the vectors (x, y) and (s, t) span the same one dimensional subspace

of C2, which in turn holds if and only if the rows of the matrix

(
x y
s t

)
are

dependent. Finally, this holds if and only if the determinant is zero. That is, if
and only if xt− ys = 0. �

Theorem 5.2. The set B is a smooth algebraic variety of dimension two. Fur-
thermore, the map π defines an isomorphism between the open sets B \ E −→
C2 \ 0, where E = π−1(0).

Proof. To see that B is a variety, we look in local charts. The situation is
symmetric, so we look only in C2×U1, where U1 is the standard chart of P1 where
the first homogeneous coordinate s is not zero. Let z be a local coordinate on
U1 (so z = t

s
). Now we have local coordinates x, y, z on C2×U1 = C2×C = C3.

Using the Lemma, it follows that in this chart, B is given by V(xz − y) ⊂ C3.
Thus B is an algebraic variety since locally in charts it is an affine algebraic
variety. The change of coordinate maps are the restrictions of those from C2×P1,
hence regular.

To see that B is smooth, we can work in charts. Because the polynomial
xz − y has ∂

∂y
6= 0 everywhere in this chart, there are no singular points in this

chart. The other chart is similar. Therefore B is a smooth algebraic variety of
dimension two.

To see that π is an isomorphism on the designated open set, note that we
have already observed that π is bijective over C \ 0. We only need to observe
that the inverse (x, y) 7→ (x, y, [x : y]) ∈ C2 \ 0× P1 is regular. In local charts,
this mapping agrees with (x, y) 7→ (x, y, y

x
) if x 6= 0 or (x, y, x

y
) in the other

chart if if y 6= 0. This a regular mapping, so the inverse is regular. So π is an
isomorphism from B \ E to C2 \ 0. �

5.2. Local coordinates on B. The proof of Theorem 5.2 gives us useful local
coordinates for the blowup B. In the chart W1 = C2×U1 = C3 with coordinates
x, y, z, we saw that B ∩W1 = V(xz − y) ⊂ C3. Thus the map

C2 → B (x, z) 7→ (x, xz, z)

identifies the chart B ∩W1 with C2. Likewise, the map

C2 → B (w, y) 7→ (wy, y, w)

identifies the chart B ∩ W2 with C2. On the overlaps, we have z = y
x

and
w = z−1 = x

y
. In practical terms, the most convenient representation of local

coordinates for B are {x, y
x
} in one chart and {x

y
, y} in the other. Writing them

in this way implicitly describes the change of coordinate transformations.
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For doing computations, it is convenient to describe the blowing up map
B

π−→ C2 in these local coordinates. We think of B as the union of two copies
of C2, one with coordinates {x, z} and the other with coordinates {w, y}, where
z = w−1 = y

x
. Then π is given by

C2 π−→ C2 (x, z) 7→ (x, xz)

in the first chart, and

C2 π−→ C2 (w, y) 7→ (yw, y)

in the second. Note that in these coordinates, the exceptional fiber, or fiber of
π over 0 is given by V(x) in the first chart and by V(y) in the second.

Typically, algebraic geometers imagine B as the
plane C2 which has been altered (“blown up”) at
the origin: we separate out all the lines through
the origin by adding a third coordinate which tracks
their slopes. You might think of this as a “surgery”
performed on C2 which replaces with the P1 of lines
through it.

5.3. Blowing up as a Graph. Another way to describe B is this: it is the
closure, in C2 × P1, of the graph of the map C2 \ 0→ P1 sending a point (x, y)
to the one dimensional vector space [x : y] it spans (which is a point in P1). We
leave this fact as an (easy) topological exercise.

5.4. Resolving Singularities of Plane Curves. A plane curve is the zero
locus in C2 of one reduced polynomial in two variables. We will show blowing
up can be used to alter a plane curve in such a way that it its singularities are
“improved.”

Let V be a plane curve in C2, and assume that V passes through 0. Let
B

π−→ C2 be the blowup of the origin in the ambient C2 containing V . We
know that π is an isomorphism over C2 \ 0, so under this identification, we can
consider the corresponding curve π−1(V \ 0) on B \ E.
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Definition 5.3. The proper transform8 of V in B is the closure of the set
π−1(V \ 0) in B.

Example 5.4. Let L be a line through the origin in C2. What is the proper
transform of L in the blowup B of the origin in C2? It is instructive to think
of moving along the line L towards origin in C2. On B, all the points along
this line have the same third coordinate, namely L itself, thought of as a point
of P1. Approaching the origin in C2 along L corresponds to approaching the
exceptional fiber E = π−1(0) = P1 in B along (straightline) path in 3-space
whose third coordinate is L. We We will hit E precisely at the point L in the
exceptional fiber E = P1.

Since π defines an isomorphism B \E → C2 \0, the curve Ṽ is isomorphic to
V on a dense open set. It is relatively straightforward to check that Ṽ is also
an algebraic variety. In local coordinates on the ambient space B, the curve Ṽ
is defined by one polynomial: that is, Ṽ is locally a hypersurface in B. There
can be several “extra” points of Ṽ , the ones over 0. These correspond to the
different directions the original curve V passes through 0.

Example 5.5. Let V = V(xy) ⊂ C2 be the plane curve consisting of the union
of the x and y axes. The singular set is 0, where the two axes cross. The proper
transform Ṽ of V on B is the disjoint union of two lines on B. One intersects
E at “0” and the other at “∞” corresponding to the slopes of the two original
lines. The map π restricts to a map Ṽ → V (also called the blowup of the
origin), with the property that the fiber over every point (except 0) consists of
exactly one point. The fiber over 0 consists of two points.

Since Ṽ is smooth, we have resolved the singularities of V . The restriction
Ṽ

π−→ V is the resolution.

Example 5.6. Let V = V(y2−x2−x3) ⊂ C2. This is an irreducible curve with
precisely one singularity, at the origin. If we blow up the origin on this curve, we
get a smooth curve. There are two points in the exceptional set corresponding
to the two different directions the curve passes through the origin. We have
resolved the singularities of V !

8This is also called the blowup of p on V , and indeed in Wednesday’s lecture, I called it
so. But to be careful here, I will give this kind of blowup (of singular points of a variety) a
different name than the blowing up in the ambient smooth space.
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Example 5.7. Let V = V(y2 − x3) ⊂ C2. This is plane curve with exactly one
singular point: a cuspidal singularity at the origin. If we blow up the singular
point, the blown up curve Ṽ is smooth. Let us compute this explicitly in the
local charts discussed in 5.2.

If we pull the function f = y2 − x3 back under π and look at in the “first
chart” (C2 with coordinates x, z), we see that f = (zx)2 − x3. So its zero set
is V(x2(z2 − x)) = V(x2) ∪ V(z2 − x) in this copy of C2. This is the union of
the exceptional curve E (which is defined by x in this chart) and the smooth
parabola V(z2 − x). This parabola is the transform Ṽ in this chart. In the
other chart, likewise, f = y2 − (yw)3 = y2(1− yw3). So its vanishing set is the
union of the exceptional curve V(y) and the transform V(1− yw3) of V , which
is smooth. Since Ṽ is smooth in each chart, it is a resolution of V .

Theorem 5.8. Any plane curve can be resolved by a (finite) sequence of blowups
at points.

We will not prove this carefully here, but we can sketch the main idea. For
a curve V , we introduce a discrete numerical invariant which measures “how
bad” the singularity is at a point p of V . We then show that after blowing up,
the singularities of the transform Ṽ have strictly improved, as measured by this
invariant. By induction, then, we can improve the singularities by a sequence
of blowings up until they are gone.

The multiplicity of the singular point is a first guess for such an invariant.

Definition 5.9. Let f be a polynomial in n variables. The multiplicity of V(f)
a point p = (a1, . . . , an) is the lowest order term of the expansion of f in the
coordinates {z1 − a1, . . . , zn − an.}
Example 5.10. The cusp V(y2−x3) has multiplicity 2 at the origin. To find its
multiplicity at (1, 1), write f = 3(x−1)+2(y−1)+ 3

2
(x−1)2+(y−1)2+(x−1)3

(for example, by using the Taylor series expansion around (1, 1)). Thus its
multiplicity at (1, 1) is 1.



JYVÄSKYLÄ SUMMER SCHOOL: RESOLUTION OF SINGULARITIES 23

A point of V(f) is a smooth point if and only if its multiplicity is
one. We leave this as an easy exercise straight from the definition of multiplicity
and of smoothness.

In Examples 5.4, 5.5, 5.6 and 5.7, the maximal multiplicity over all points of
the curve strictly decreased in passing from V to the transform Ṽ (from two to
one). However, as the next example shows, this is not always the case. We will
need a more refined invariant.

Example 5.11. The curve V(y2 − x5) ⊂ C2 has a unique singular point at 0,
where the multiplicity is two. After blowing up the singular point, we have a
curve which is smooth in one chart but looks like V (y2−x3) in the other. Thus
Ṽ has a singularity of multiplicity two again! We have not strictly decreased
our invariant by transforming the curve under a blowup.

On the other hand, we see that Theorem 5.8 is true for this curve: we need
only deal with V (y2 − x3). Thus we have reduced to the previous case treated
in Example 5.7!

The proof can be salvaged by introducing a more refined invariant consisting
an ordered pair (m,h) ∈ N×N, where m is the multiplicity and h is the so-called
“maximal contact order.” Given a singular point p on a plane curve V = V(f),
we can identify a “smooth curve of maximal contact” along V at p, and then
compute that contact order. One way to find a curve of maximal contact is
to expand f around p, and then factor the lowest order term (whose degree is
m) completely into linear factors. The zero set of this leading term defines the
tangent cone of V at p. The factor appearing with the highest multiplicity
defines a line having “maximally contact” with V at p. The multiplicity of f
restricted to this line is the maximal contact order.

Example 5.12. Consider the curve V(y2 − x3), which has multiplicity two at
0. The x-axis L = V(y) is a curve of maximal contact at 0. Restricting the
function to L, we have the function x3, which has multiplicity 3 at the origin.
So the maximal contact order is 3. The invariant for this curve is thus (2, 3).

Similarly, the invariant for the curve V(y2− x5) it is (2, 5). Thus in Example
5.11, blowing up does strictly decrease this new invariant. This outline can be
filled in without serious difficulty to give a complete proof of Theorem 5.8.

6. Hironaka’s Theorem: Geometric Version

Theorem 6.1. Every complex algebraic variety has a resolution of singularities.
That is, if V is an algebraic variety, then there exists a smooth variety W and
a surjectiveregular map W

π−→ V which is an isomorphism over V \ SingV.
Furthermore,
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(1) π is projective, meaning that W ⊂ V ×Pn (for some large n) and π is (the
restriction of) the projection onto the first coordinate. In particular, π
is proper, meaning that the inverse image of a compact set is compact.

(2) The preimage of the singular set π−1(SingV ) is a finite union of smooth
(complex) codimension one subvarieties, crossing transversally.

(3) If V is projective, so is W .
(4) π is a composition of blowups at smooth centers.

It is this last feature that makes resolution so useful: we can actually break
down a resolution of singularities into a sequence of very understandable maps.
A blowup at a smooth center is a generalization of the blowup at a point: we
perform some “surgery” on the ambient space in which we remove some higher
dimensional subvariety Z (rather than a point) and replace it with the space of
“normal directions” to Z in the ambient space.

6.1. Blowing Up Higher Dimensional Centers. Let us forget singularities
for a moment, and talk about blowing up. This is an operation perform on
the ambient smooth variety. To resolve the singularities of some variety V , we
first embed V in some smooth variety X. [Yesterday, we had a singular curve
embedded in C2.] We blow up some subvariety (called the center, yesterday,
the origin) of the ambient variety X, a process that has nothing to do with
V itself, to create a new smooth variety X ′, called the blow up of Z in X).
This smooth X ′ will a posteriori be considered the ambient space for an altered
version of V , namely the proper transform of V to some Ṽ . The hope is that
we can choose the center Z in such a way that the transform Ṽ is somehow an
“improvement” of V .

Yesterday, we blew up the origin in C2. Thinking in local charts, we can
imagine that essentially, we can blow up a smooth point in any smooth variety of
dimension two. The generalization to blowing a point 0 in Cn is straightforward.
Thinking of Pn−1 as the lines through 0 in Cn, the blowup is

B = {(p, `) | p ∈ `} ⊂ Cn × Pn−1.

together with the projection π to Cn. The set B is a smooth variety, and the
projection π is an isomorphism away from 0. The fiber over 0, on the other
hand, is the entire Pn−1 of directions through 0.

Exercise 6.2. If we let z1, . . . , zn be coordinates for Cn and [t1 : · · · : tn] be
coordinates for the corresponding Pn−1, then B is cut out, in Cn × Pn−1 by the

2× 2 subdeterminants of the matrix

(
z1 z2 . . . zn
t1 t2 . . . tn

)
6.2. An outline of the Resolution of Singularities.
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7. Hironaka’s Theorem: Embedded Version

Part of the reason for the progress in understanding resolution and simplifying
the proof has been due to a shift in perspective from the very geometric to a more
analytic or algebraic one, where instead of looking at zero sets of polynomial
functions, we consider the polynomials themselves. In this context, Hironaka’s
Theorem, or rather a strong form of it called Local Monomialization, can be
stated as follows:

Theorem 7.1. Let f be a polynomial function on Cn. Then there exists a
smooth complex variety M and a proper regular mapping M

π−→ Cn such that
the function π∗(f) = f ◦π on M can be written, in a local coordinates z1, . . . , zn
at each point p on M , as a monomial

uza11 z
a2
2 . . . zann

where u is a non-vanishing regular function at p. Furthermore, the (holomor-
phic) Jacobian determinant of π is also a monomial locally in coordinates on
M .

To see what Local Monomialization has to do with our previous incarnation
of Hironaka’s Theorem, imagine that f is defining a hypersurface V in Cn. To
resolve its singularities, we start by performing a blow up on the ambient space
Cn. We then repeat, altering the new ambient space by a blowing up, and
continue. Although the hypersurface V dictates the choices of the centers of
the blows up at each stage, this sequence of blowups exists completely indepen-
dent of V . It is a composition of projective regular maps of smooth varieties,
terminating with Cn, all of which are isomorphisms on a dense open set.

Now, to see how f and V fit in, we pull back f to M . The zero set V(π∗(f)) ⊂
M is precisely the full preimage of V = V(f) ⊂ Cn in Cn. This is a hypersurface
defined locally in coordinates at a point p by V(za11 z

a2
2 . . . zann ), which in turn,

near p at least, is the union of the smooth hypersufaces defined by the vanish-
ing of the coordinates zi. Most of these correspond to exceptional sets of the
blowups, call these say E1, . . . , En−1. But one defines the proper transform Ṽ of
V on M . [We saw an example of this in Example 5.7.] In particular, restricting
to Ṽ , we have a resolution Ṽ −→ V of V . The preimage of the Singular set
of V in collection of codimension one subvarieties Ṽ ∩ Ei. The fact that the zi
are coordinates tells us that these hypersurfaces cross transversely, which means
each of the Ṽ ∩ Ei is smooth.

Thus local monomialization implies resolution of singularities! Even though
it is stronger theorem, there is a sense in which is it easier to show. Focusing
more on the algebraic feature (the function f , rather than its zero set) turns
out to make the induction steps work more smoothly. Indeed, the proof we
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have already outlined applies just as well as an outline for Theorem 7.1, and
the tricky inductive step works precisely because we have shifted our focus to
functions on the ambient space in which the blowups are performed.

8. An Application: Computing the Regularity
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