
EXERCISES FOR JYVÄSKYLÄ SUMMER SCHOOL:
RESOLUTION OF SINGULARITIES

KAREN E. SMITH

1. Exercises from lectures of August 15

1. Consider the variety X in C3 defined by the vanishing of the two polynomials
xz and yz. Sketch a picture of the real points. Show that X consists of the
union of a (complex) line (that is, a variety identified with C) and a (complex)
plane (a variety identified with C2).

2. Show that that hyperbola in C2 defined by xy = 1 is isomorphic, as a variety,
to the open set C \ 0.

3. Consider the map t
ψ7−→ (t2, t3) from C to C2. Show that the image Z is

a (complex) curve defined by the equation y2 = x3. Sketch its real points. Is

C ψ−→ Z a bijection? Is it an isomorphism (of varieties)?

4. Consider the map R3 π−→ R3 sending (x, y, z) 7→ (xz, yz, z). Consider the set
W in the source R3 defined by the vanishing of the function x2 + y2 − 1.

(1) Show the image of W under π is the cone V in the target R3 defined by
the vanishing of the function x2 + y2 − z2.

(2) For each point in the cone, find the pre image under π|W . One is special:
which? Is each of these fibers compact (in the usual Euclidean topology
inherited from R3)?

(3) Find an explicit inverse for π|W∩R3 on the set V \ 0 consisting of every-
where defined rational functions in the coordinates.
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2. Exercises from lectures of August 16

5. Show that every pair of distinct lines in P2 meets in exactly one point.
That is: in the projective plane, two lines determine a point. What kind of
generalizations can you make to Pn? [Recall that a line in P2 is the set of one-
dimensional subspaces of C3 contained in a fixed two-dimensional subspace.]

6. Fix the point p = [0 : 1 : 0] ∈ P2 and the line L = V(y) ⊂ P2 not passing
through p. For every point q 6= p, explain why there is a unique line pq containing
both q and p (linear algebra is helpful in making the argument rigorous). Now
explain why the map

P2 \ p→ L q 7→ L ∩ pq
is well-defined and show that it is regular by examining it in local charts.

7. Consider the hyperbola H defined by xy = 1 in R2. Compactify R2 to
P2
R the coordinate mapping R2 ↪→ P2

R given by (x, y) 7→ [x : y : 1]. Let H
be the closure of H in P2. There are exactly two points on the hyperbola “at
infinity” (that is, in H \ H). Describe them geometrically and also explicitly
in homogeneous coordinates. Find a homogeneous polynomial in x, y, z which
defines the projective hypersurface H.

Similarly, find the points at infinity on the parabola defined by y = x2.

If you find these tasks easy, show that in the real projective plane, show that
there are only two types of conics up to projective change of coordinates, and
describe the two types both geometrically and algebraically.

3. Exercises from Lectures of August 17

8. Find the locus of singular points of the plane curve defined by y2 − x2 − x3.
Do the same for y2 − (x− 1)3.

9. Use the implicit function theorem to show that the affine variety V in C3

defined by the equations zx−y and z2−x−1, that is V(zx−y, z2−x−1) ⊂ C2

is a smooth algebraic variety of dimension 1 (that is, a smooth algebraic curve).

10. Prove that for every n, there is a plane curve with exactly n singular points.
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11. Let π : B → C2 be the blowup of the origin. Let ` be the line though the
point (a, b) 6= 0. Let ˜̀ be the blowup of ` along p, that is, the closure in B of

π−1(` \ 0). Show that ˜̀ intersects the exceptional fiber in the point [a : b].

12. Let V be the union of t distinct lines, `1, . . . , `t, though the origin in C2.
Let Ṽ be the blowup of V . What is E ∩ Ṽ ? Is Ṽ smooth?

4. Lectures of August 18

13. Prove that the cone V(x2 + y2 − z2) ⊂ C3 is resolved by blowing up the
vertex.

14. How many times must we blow up to resolve the singularities of V(y2−x3)
? of V(y2 − x5)?

5. Lectures of August 19

15. Compute compute the supremum, over all c, such that 1
|za11 ...zann |c

is locally

square integrable at every point of Cn.

16. Use Hironaka’s theorem on local monomialization to compute, for n > 1,
the supremum, over all c, such that 1

|z21+z22+···+z2n|c
is locally L2 in a neighborhood

of the origin.
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