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Algebraic Geometry

Algebraic Geometry is the study of geometric shapes defined by
polynomials.

Figure: y = x2
Figure: x2 + y2 = z2

(x2 + y2)5 = 144x2y2(x2 − y2)2



Algebraic Geometry is Everywhere

Groups such as SL2

Lie Groups

Elliptic curves

Fermat’s Last Theorem

Compact Riemann Surfaces

Teichmuller Spaces and Moduli spaces Mg

Hilbert Schemes and other parameter spaces

Projective spaces, Grassmannians, Flag Manifolds

Moduli spaces of vector bundles on curves.

Calabi-Yau Manifolds and other spaces arising in string theory

Cluster Algebras

Multivariate Splines

Computer Aided Design



Algebraic Varieties

Definition:

An (affine algebraic) variety in Cn is the common zero set of a
collection of complex polynomials in n variables.

V(xyz) V(x2− y2z) V(x2 + z3− y2z2)

V(x2 + y2 − z2 − 1) V(xz, yz)

Only the real points

are drawn.



Why C?

Question: In one variable, zeros of x2 + 1? Empty? Or ±i .

Example: What is the variety defined by x2 + y2 = 0?

In R2, the zero set of x2 + y 2 is just {(0, 0)}.

But this is not the whole story!

Since we can factor x2 + y2 as (x + iy)(x − iy) = 0, its zero set in
C2 consists of two “lines” through origin, of “slopes” i and −i .

Points on one line have form (z , iz).

Points on other (z ,−iz).

There are technologies to study the real (or rational!)

points on complex varieties, if that is our game.



Algebraic Geometry is a generalization of Linear Algebra

Points in Cn are examples of varieties. So are lines, planes, and
higher dimensional linear spaces.

point a is V(x + 6, y − 4)
line is V(y − 2x − 1)

Linear Algebra: The study of solutions of linear equations.

Algebraic Geometry: The study of solutions of polynomial
equations.



Smooth varieties are complex (hence real) manifolds

Not all varieties are smooth.

The singular points form a proper subvariety of strictly smaller dimension.

Its complement is a complex manifold. Can use this to define dimension.



How can we understand the singular locus?

Can we “separate out,” “smooth out” or “unfold” singularities?

Can we view the singular variety as a deformation of a smooth one?

Is there a smooth variety isomorphic almost everywhere?
How bad are the singularities? Can we quantify them?



Resolution of Singularities

Definition: A resolution of singularities of a variety V is a
smooth variety B, together with a proper map B

π→ V which is
one-to-one over the smooth locus of V .

B = V(z2−x−1, zx−y) ⊂ C3

V = V(y2 − x2 − x3) ⊂ C2

Resolution given by projection from some curve in a higher dimensional space.



Does every variety admit a resolution of singularities?

Curve case “known” to Newton (1676), Riemann (1857)...

Surface case “known” to del Pezzo (1892), Levi (1899), Severi
(1914)...

Curves and Surfaces rigorously understood by 1944 (Zariski...)

In 1970, Heisuke Hironaka won the Fields medal for
his proof of the general case.
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Amazing Theorem

Hironaka [1964]:
Every complex variety admits a resolu-

tion of singularities: a smooth variety

mapping properly onto it, isomorphic

over smooth locus.

Moreover, the map can be taken
to be projection from some
higher dimensional space!
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Even more amazingly...

Hironaka showed that the preimage of the singular locus is a
finite union of smooth hypersurfaces, crossing transversely.

Exceptional Set is two points Complicated singularity

The pre-image of singular set is called the “exceptional set” of the resolution.

The configuration and topology of the exceptional set can be used to

measure singularities, both qualitatively and quantitatively.



Local Monomialization

Familiar Fact: Let f be an analytic function of one variable.
Then locally at each point p, we can write f (z) = uza where z is a
local coordinate at p, a ∈ N, and u is analytic with u(p) 6= 0.

Definition:

An analytic function f in n variables is locally monomial at p
if the germ of f at p can be written f = uza11 za22 · · · zann where
z1, . . . , zn are local analytic coordinates at p, ai ∈ N, and u(p) 6= 0.

Question: Are analytic functions in n variables locally monomial?
For example, is f (x , y , z) = x2 + y2 − z2 locally monomial near 0?

NO! But Hironaka’s theorem says that after a change of
coordinates, analytic functions are locally monomializable!
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More analytic Interpretation of Resolution of Singularities:

Hironaka’s Theorem on Resolution of Singularities:

Let f be an analytic function defined on some open domain of Cn.
There exists a complex n-manifold X and a proper holomorphic
mapping X

π−→ Cn such that the pullback function f ◦ π is
monomial in analytic coordinates locally at every point of X .

Moreover, π can be assumed biholomorphic away from {f = 0}.

That is, after pulling back under some proper holomorphic map,
we can assume that near each point p ∈ X , that

f = uza11 za22 · · · z
an
n ,

where z1, . . . , zn are local analytic coordinates near p, ai ∈ N, and
u is an analytic function not vanishing at p.
Moreover, we can explicitly understand the Jacobian determinant of π as a
locally monomial in the same local coordinates.

This is helpful for computing regularity of 1
|f | . For what p is 1

|f | ∈ Lp
loc?


