
1 Worksheet for January 11: §1.2, 1.3
Solving systems of equations

1. In this problem we will learn how to solve a system of linear equations in a series of steps.
Consider the following system of linear equations in four variables x1, x2, x3, x4:

x1 + 3x2 − x3 + 2x4 = 5

2x1 + 6x2 − x3 − x4 = 6

(a) Write down the augmented matrix associated to this system.

(b) Row-reduce the augmented matrix.

(c) Rewrite the system of equations again using the variables xi.

(d) Identify the variables corresponding to the pivots. Rewrite the system keeping these
variables on the left and moving all the other variables to the right of the equation.

(e) Now your system should be in a form in which you should be able to “read off” the
solutions. You will note that some of the variables are “free variables” in that they can
be assigned any value and then the other variables are “dependent variables” in that
their values are determined by the values of the free variables. Which variables are free
and which are dependent ?

2. We are going to play the following game. Choose a different ordering of the variables but
starting with x4 instead of x1. You may choose any ordering you want subject to this con-
straint eg. x4, x3, x2, x1 or x4, x1, x2, x3 would both do. Rewrite the system of equations
above with this new ordering. Next, solve the system exactly as described in the previous
problem.

(a) Now which are your free variables and which ones are the dependent ones ?

(b) Compare your answers with those of the other groups.

(c) Do your answers look different from what you got in the previous problem ? Do they
look different from what the other groups got ? I’d like you to discuss the following
within your groups: what does it mean to solve a system of equations ? Are all the
solutions that you and the other groups got the same solution or different solutions ?

Rn

3. In the previous problems we had four variables x1, x2, x3, x4. It turns out to be rather useful
to make a new object that keeps track of their values simultaneously. Let us write

~x =


x1
x2
x3
x4


The set of such objects, with the xi being real numbers, is denoted by the symbol R4.

(a) What do you think R100 is ?



(b) If you are given two elements

~x =


x1
x2
x3
x4

 , ~y =


y1
y2
y3
y4

 ,

in R4, can you come up with a reasonable definition of what ~x+~y should be ? Likewise,
what should we define 5~x to be ? How about 5~x + 3~y ?

(c) If a and b are real numbers, prove that (a + b)~x = a~x + b~x.

(d) If a is a real number and ~x, ~y ∈ R4, prove that a(~x + ~y) = a~x + a~y.

FACT: Rn is one of the simplest examples of a mathematical object called a vector space.
Elements of a vector space will be called vectors. We will define vector spaces carefully later,
but for the moment the only thing you need to know is that vectors in the same vector space
can be added and that any vector can be multiplied by a real number. Also these operations
satisfy rules similar to those described in parts (c) and (d) above.

Matrices and Rn

4. We are now going to discuss how matrices and elements of Rn interact. Let A be the coefficient
matrix from Problem 1:

A =

[
1 3 −1 2
2 6 −1 −1

]
(a) Can you come up with a reasonable definition of the product

A · ~x =

[
1 3 −1 2
2 6 −1 −1

]
·


x1
x2
x3
x4

 ?

Hint: the product should be an element of R2.

(b) If you are given a matrix A which is of size p × q (i.e., p rows and q columns) and a
vector ~x in Rn, what condition on p, q, n would ensure that the product

A · ~x

is well defined ?

(c) State analogs of parts (c) and (d) of the previous problem for the product A · ~x.

(d) Can you restate the system of equations in Problem 1 as a single equation in the space
R2?

(e) Can you restate your different solutions in Problems 1 and 2 in terms of vectors in R4?
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