
Math 412. Chapter 7: Orders of Groups, Subgroups and Elements
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Let G be a group, and S any subset of G. The subgroup generated by S is the
smallest subgroup of G that contains S. Its elements consist of all “words” made from the elements
of S and their inverses:

〈S〉 := {s1 ◦ s2 ◦ · · · ◦ st | si ∈ S or s−1
i ∈ S, t arbitrary} ⊂ G.

DEFINITION: A group G is cyclic if it can be generated by one element.

LAGRANGE’S THEOREM: Let G be a finite group, and H a subgroup of G. Then |H| divides |G|.

COROLLARY: Let G be a finite group. If g ∈ G, then the order of g divides |G|.

A. Warm-up. Answer these using the Theorem and its corollary.
(1) What does LaGrange’s theorem tell us about the orders of the elements in the group

(Z31,+)? Give the order of each element. What is the subgroup generated by [1]? What
are the possible orders of the subgroup generated {[4], [5], [6]}? Is it cyclic?

(2) What does LaGrange’s theorem tell us about the possible orders of the elements in the
group (Z5 × Z5,+)? Are all these orders actually achieved in (Z5 × Z5,+)? What is the
order of the subgroup generated by ([2], [0])? Is (Z5 × Z5,+) cyclic?

(3) List out the elements in (Z2 × Z3,+)? Find their orders. Find subgroups of order 2 and 3.
Is (Z2 × Z3,+) cyclic?

(4) What is the order of the group (U3 × U3 × U3,×)? Prove that the every non-identity
element in this group has order 2. Find three different subgroups of order 4. Is there a
cyclic subgroup of order 4?

B. The group D4: the Symmetry Group of a Square

There are eight symmetries of a square. To fix ideas, imagine the square in the Cartesian plane
with vertices at (±1,±1),
e = no motion
r1 = rotation 900 counterclockwise
r2 = rotation 1800 counterclockwise
r3 = rotation 2700 counterclockwise (note that this produces the same symmetry as rotation 900 clockwise).
x = reflection over x-axis
y = reflection over y-axis
d = reflection over diagonal (the line y = x)
a = reflection over anti-diagonal (the line y = −x)

(1) Consider the subgroup R4 of rotations of the square, generated by r1. What is the order of this
group? Fill in this portion of the table below.

(2) Consider the subgroup H of D4 generated by the horizontal and vertical reflections {x, y}. What
is the order of H? Fill out this portion of the table below. Is H isomorphic to R4?

(3) Consider the subgroup K of D4 generated by the two diagonal reflections {a, d}. What is the order
of K? Fill out this portion of the table below. Is K cyclic of order 4 or a Klein 4-group? What
about H and R4?

(4) Complete the table.
(5) How many subgroups of order 2 in D4? How many subgroups of order 4? Order 8? Order 1?s
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◦ e r1 r2 r3 x a y d

e
r1
r2
r3
x
a
y
d

C. Proof of the Corollary. Fix a finite group G of order n.
(1) Let g ∈ G. Explain, without using the Theorem or its corollary, why g has finite order.1

(2) Show that if d is the order of g ∈ G, then the subgroup 〈g〉 generated by g has order d.
(3) Use Lagrange’s Theorem to deduce its corollary: that is, show |g| divides |G|. We will prove La-

grange’s Theorem soon.

D. Groups of Order p. Fix a prime number p.
(1) Use Lagrange’s Theorem (and its corollary) to show that every group of order p is cyclic of order p.
(2) Show that any two groups of order p are isomorphic.
(3) Conclude that, up to isomorphism, there is only one group of order p.
(4) Find an explicit example of an additive group of order p.
(5) Find an explicit example of a rotational group of order p.

E. The center of a group G is the set Z = {z ∈ G |gz = zg ∀g ∈ G}.
(1) Prove that the center of any group is a subgroup. Is it abelian?
(2) Find the center of D4.

F. The Quaternion Group
Consider the following elements in GL2(C) :

1 =

[
1 0
0 1

]
, i =

[
i 0
0 −i

]
, j =

[
0 1
−1 0

]
, k =

[
0 i
i 0

]
,

The quaternion group Q8 is the subgroup of GL2(C) consisting of the matrices {±1,±i,±j,±k}.
(1) Show that the subgroup generated by i is cyclic of order 4. What about the groups generated by j

and k?
(2) Fill in the table for Q8. Above each element write its order.
(3) Can you find subgroups of order 4 that are not cyclic?
(4) How many subgroups of order 2 can you find?
(5) Is Q8 isomorphic to D4?

◦ 1 −1 i −i j −j k −k
1
−1
i
−i
j
−j
k
−k

1Hint: Consider the list {g, g2, g3, g4, . . . }. Can this consist of infinitely many distinct elements?


