
Math 412. Chapter 7: Orders of Groups, Subgroups and Elements
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Let G be a group, and S any subset of G. The subgroup generated by S is the
smallest subgroup of G that contains S. Its elements consist of all “words” made from the elements
of S and their inverses:

〈S〉 := {s1 ◦ s2 ◦ · · · ◦ st | si ∈ S or s−1
i ∈ S, t arbitrary}.

DEFINITION: A group G is cyclic if it can be generated by one element.

LAGRANGE’S THEOREM: Let G be a finite group, and H a subgroup of G. Then |H| divides |G|.

COROLLARY: Let G be a finite group. If g ∈ G, then the order of g divides |G|.

A. Warm-up. Answer these using the Theorem and its corollary.
(1) What are the orders of the elements in the group (Z31,+)? What is the subgroup generated

by [1]? What is the subgroup generated {[4], [5], [6]}? Is it cyclic?
(2) What are the orders of the elements in the group (Z5 × Z5,+)? What is the order of the

group? What is the order of the group generated by ([2], [0])? Is (Z5 × Z5,+) cyclic?
(3) List out the elements in (Z2 × Z3,+)? Find their orders. Find subgroups of order 2 and 3.

Is (Z2 × Z3,+) cyclic?
(4) What is the order of the group (U3 × U3 × U3,×)? Prove that the every non-identity

element in this group has order 2. Find three different subgroups of order 4. Is there a
cyclic subgroup of order 4?

(1) All elements in the group (Z31,+) have order 31, except for e = [0], which has order 1. The subgroup
generated by [1] is the whole group (Z31,+). Same for {[4], [5], [6]}. Yes, cyclic.

(2) All elements in (Z5 × Z5,+) have order 5, except e = ([0], [0]) which has order 1.The order of the
group is 25. The order of the group generated by ([2], [0]) is 5. The group (Z5 × Z5,+) is not cyclic.

(3) In (Z2 × Z3,+), we have ([0], [0]) of order 1, ([1], [0]) or order 2, ([0], [1]) and ([0], [2]) of order 3, and
([1], [1]) and ([1], [2]) of order 6. A subgroup of order 2 is {([1], [0]), ([0], [0])}. A subgroup of order 3
is {([0], [0]), ([0], [1]), ([0], [2])}. Yes, (Z2 × Z3,+) cyclic: it can be generated by ([1], [1]).

(4) The group (U3×U3×U3,×) is order 8. A non-identity element is (a, b, c) where not all a = b = c = 1.
Squaring this is (a2, b2, c2) = (1, 1, 1). We can get order 4 subgroups by setting one coordinate to be 1,
and letting the others vary. There is no cyclic subgroup of order 4 because there is a no element of order
4.

B. The group D4: the Symmetry Group of a Square

There are eight symmetries of a square:
e = no motion
r1 = rotation 900 counterclockwise
r2 = rotation 1800 counterclockwise
r3 = rotation 2700 counterclockwise
x = reflection over x-axis
y = reflection over y-axis
d = reflection over diagonal (the line y = x)
a = reflection over anti-diagonal (the line y = −x)

(1) Consider the subgroup R4 of rotations of the square, generated by r1. What is the order of this
group? Fill in this portion of the table below.
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(2) Consider the subgroup H of D4 generated by the horizontal and vertical reflections {x, y}. What
is the order of H? Fill out this portion of the table below. Is H isomorphic to R?

(3) Consider the subgroup K of D4 generated by the two diagonal reflections {a, d}. What is the order
of K? Fill out this portion of the table below. Is K cyclic of order 4 or a Klein 4-group? What
about H and R?

(4) Complete the table.
(5) How many subgroups of order 2 in D4? How many subgroups of order 4? Order 8? Order 1?s

(1) order 4.
(2) order 4, not isomorphic to rotation group. This is a KLEIN 4-GROUP: meaning it is order 4, and has no

element of order 4. All such groups are isomorphic.
(3) order 4, klein 4-group, like in (2).
(4) The table is in the book, page 176. But use caution, as our notation is slightly different.
(5) There are 5 groups of order 2, because there are 4 elements of order 2. These are the subgroups generated

by x, y, a, d, and r2.
(6) There are 4 groups of order 4: R, H and K. Only one group each of orders 1 (the trivial group e) and 8

(the whole thing).

◦ e r1 r2 r3 x a y d

e
r1
r2
r3
x
a
y
d

C. Proof of the Corollary. Fix a finite group G of order n.

(1) Let g ∈ G. Explain, without using the Theorem or its corollary, why g has finite order.1

(2) Show that if d is the order of g ∈ G, then the subgroup 〈g〉 generated by g has order d.
(3) Use Lagrange’s Theorem to deduce its corollary: that is, show |g| divides |G|. We will prove Lagrange’s

Theorem soon.

(1) (Sketch) Since the set {g, g2, g3, g4, . . . } is finite, we must have gd = gm eventually for d > m. So
multiplying by the inverse of g m-times, we eventually get gd−m = e.

(2) Say g has order d. Then {g, g2, g3, g4, . . . , gd = e} is the complete list of powers of g. It is a subgroup of
order d, as you should check on the problem set this week (for example: it is closed since gagb = ba+b).

(3) By Lagrange’s theorem the order of this subgroup divides the order of G. So d| |G|.

D. Groups of Order p. Fix a prime number p.

(1) Use Lagrange’s Theorem (and its corollary) to show that every group of order p is cyclic of order p.
(2) Show that any two groups of order p are isomorphic.
(3) Conclude that, up to isomorphism, there is only one group of order p.
(4) Find an explicit example of an additive group of order p.
(5) Find an explicit example of a rotational group of order p.

1Hint: Consider the list {g, g2, g3, g4, . . . }. Can this consist of infinitely many distinct elements?
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(1) Say G has order p. Let g ∈ G be any element, not the identity. Look at the subgroup generated by g,
call it 〈g〉. By Lagrange’s theorem, it must have order dividing p. So its order is 1 or p, since p is prime.
It can’t be 1, because that would mean 〈g〉 = {e}, so g = e, contrary to the choice of g. So 〈g〉 has order
p and by the pigeon hole principal, it must be all of G. So 〈g〉 = G and G is cyclic. In fact, this proof
shows that can be generated by ANY non-identity element.

(2) We prove something better: Any two cyclic groups of the same finite order are isomorphic. SayG andH
are both cyclic of order n. Let G = 〈g〉 and H = 〈h〉. So the elements of G are {g, g2, . . . , gn−1, gn =
e} and the element of H are {h, h2, . . . , hn−1, hn = e}. Note that here: gk MEANS g ◦ g ◦ . . . g
composed with itself k times, not really exponents. Define a map

φ : G→ H gk 7→ hk for all k.

This is obviously a bijection. But also φ(gi ◦ gj) = φ(gi) ◦ φ(gj) because hi ◦ hj = hi+j . So φ is a
group homomorphism.

(3) This repeats (2): any two groups of order p are isomorphic.
(4) An additive group of order p could be Zp.
(5) A rotational group of order p could be the group generated by a rotation of the plane though 2π

p . You
can think of this as a rotation of a regular p-gon. If you want, you can turn this into a multiplicative

group by identifying this rotation with the matrix
[
cos(2π/p) − sin(2π/p)
sin(2π/p) cos(2π/p)

]
. The composition of

linear transformations corresponds to matrix multiplication. The subgroup of GL2(R) generated by this
matrix is order p.

E. The center of a group G is the set Z = {z ∈ G |gz = zg ∀g ∈ G}.

(1) Prove that the center of any group is a subgroup. Is it abelian?
(2) Find the center of D4.

(1) We need to check that Z is closed under the group operation and taking inverses. Say z, w ∈ Z. We
need to check zw ∈ Z. So take arbitrary g ∈ G. We need g(zw) = (zw)g. But since z, w ∈ Z, we
rewrite: g(zw) = (gz)w = (zg)w = z(gw) = z(wg) = (zw)g, so zw ∈ Z. We also need to check that
if z ∈ Z, then z−1. So take arbitrary g ∈ G. Since g−1 is also in G, we know g−1z = zg−1. Taking the
inverse of both we have (g−1z)−1 = (zg−1)−1. Now using a property proved on a worksheet (see also
Cor 7.6 on page 197), this says that z−1g = gz−1. So z−1 ∈ Z. This means that Z is a subgroup.
Ah, and just noticed that this is proved in the book: Theorem 7.13.
Yes, the center is abelian.

(2) Looking at the chart, we see that the center of D4 is the order two group {e, r2}.

F. The Quaterion Group
Consider the following elements in GL2(C) :

1 =

[
1 0
0 1

]
, i =

[
i 0
0 −i

]
, j =

[
0 1
−1 0

]
, k =

[
0 i
i 0

]
,

The quaternion group Q8 is the subgroup of GL2(C) consisting of the matrices {±1,±i,±j,±k}.

(1) Show that the subgroup generated by i is cyclic of order 4. What about the groups generated by j and k?
(2) Fill in the table for Q. Above each element write its order.
(3) Can you find subgroups of order 4 that are not cyclic?
(4) How many subgroups of order 2 can you find?
(5) Is Q8 isomorphic to D4?
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◦ 1 −1 i −i j −j k −k
1
−1
i
−i
j
−j
k
−k

I’ll leave this unsolved for now. Do it yourself and compare to friends! You may see this again. Ask me if you
have questions!


