
Math 412. Worksheet on §2.2: Modular Arithmetic.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Fix a non-zero integer N . We say that a, b ∈ Z are congruent modulo N if
N |(a− b). We write a ≡ b mod N for “a is congruent to b modulo N .”

DEFINITION: Fix a non-zero integer N . For a ∈ Z, the congruence class of a modulo N is the
subset of Z consisting of all integers congruent to a modulo N ; That is, the congruence class
of a modulo N is

[a]N := {b ∈ Z | b ≡ a mod N}.
Note here that [a]N is the notation for this congruence class— in particular, [a]N stands for a
subset of Z, not a number.

A. WARM-UP:
(1) The Congruence Classes Mod N partition the integers into exactly N non-overlapping

subsets of Z. Explain. What are the common words for these sets when N = 2? List
out these sets when N = 3. Can you find a nice way to list out these N sets using the
notation [a]N in general? How does it look in set-builder notation?

(2) TRUE or FALSE?
(a) 47 ∈ [17]5.
(b) [17]7 ∩ [23]7 = ∅.
(c) [17]6 ∩ [19]7 = ∅.
(d) For all integers a, [a]60 ⊂ [a]10.

B. ADDING & MULTIPLYING CONGRUENCE CLASSES. Fix N 6= 0. Let a, b, c, d ∈ Z.
(1) Show that if a ≡ c mod N and b ≡ d mod N , then (a+ b) ≡ (c+ d) mod N .
(2) Show that if a ≡ c mod N and b ≡ d mod N , then (ab) ≡ (cd) mod N .
(3) Discuss with your workmates how to use (1) and (2) to define a natural addition and

multiplication on the set of congruence classes modulo N . This is delicate: we want
to add/multiply two sets (namely, congruence classes) together to produce a third set. If
you make some choices, how do you know that your operations are well-defined?

(4) There are exactly two congruence classes mod 2: the set of even numbers and the set
of odd numbers. Make addition and multiplication tables for the operations you came
up in (3) on the set {even, odd} of all congruence classes mod 2. Is there an additive
identity? Is there a multiplicative identity?

(5) Compute ([7]5 + [−9]5). Compute [11]3 × [−66]3.

C. Let Zn denote the set of congruence classes modulo n.
(1) How many elements are in the set Zn? What type of mathematical objects are these

elements?
(2) Let [0]4, [1]4, [2]4, [3]4 be the elements of Z4. Write down the addition and multiplication

tables for this ring (using the operations defined in B). Discuss with your workmates
how the following properties can be “seen” in your tables: the commutative property of
addition, the commutative property of addition, the existence of a multiplicative identity,
the existence of an additive identity. Does every element of Z4 have an additive inverse?
Which elements of Z4 have a multiplicative inverse.


