
Math 217 §5.5 Professor Karen Smith

Inquiry: What is an inner product spaces?

Your group is given one vector space, together with a rule for combining two vectors into a
scalar. Investigate whether your given rule makes the space into an inner product space.

1. Is it an inner product space? Prove it, or adapt it to make it an inner product space.

2. Pick any non-zero vector in your inner product space. Find its length.

3. Find a pair of linearly independent vectors ~v1 and ~v2 that are not orthogonal/perpendicular
to eachother. [Advice: Choose very simple elements that are easy to work with!]

4. Use the Gram Schmidt process to change your vector pair in (3) into an orthonormal pair
~u1, ~u2. Are ~u1 and ~u2 linearly independent? Do they span the same space as {~v1, ~v2}?

5. Compute the distance between ~u1 and ~u2 in your inner product. Also compute ||~u1 − ~u2||2.

6. Let W be the subspace spanned by ~v1 and ~v2. Find an element ~z in W⊥. What is the closest
vector in W to ~z? What is the projection of ~z onto W?

7. Find an element ~q not in W ∪W⊥. Compute the projection of ~q to W .

8. In (2) and (3) you found two different bases for W , V = {~v1, ~v2} and U = {~u1, ~u2}. Which
change of basis matrix, SV→U or SU→V , do you expect is easier to find? Now find both.

9. Is your space finite dimensional? Can you find an orthonormal basis?

A. Let C0 be the space of continuous functions. Let 〈f, g〉 be defined by

∫ 1

−1
fg dx.

B. Let R2×2 be the space of 2× 2 matrices. Define 〈A,B〉 by trace (ATB).

C. Let V be R3. Define 〈~x, ~y〉 as the matrix product ~xT A~y where A is a diagonal matrix.

Bonus: Prove that the distance between a pair of orthonormal vectors in any inner product space
is
√

2.

Solution note: Only B above is an inner product space as stated. For A, one can
adapt it by replacing V with the vector space of continuous functions on the interval
[−1, 1] (otherwise, the positive definite property can fail). For C, we can adapt by
keeping V the same but making sure the diagonal matrix A has only positive elements
on the diagonal.


