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A. Consider the vector spaces R2, R2×2, C∞ (the set of all infinitely differentiable functions),
V = {y ∈ C∞ : y = c1 cos(π/6t)+c2 sin(π/6t), ci ∈ R}, C (the set of complex numbers z = x+ iy),
P1 (the set of linear functions f(t) = a+ bt) and P2.

1. Find the dimension of each.

2. Which of these vector spaces are isomorphic? Why?

3. Pick a pair of the isomorphic vector spaces that you identified in (2)—other than R2—and
find an isomorphism that maps from one to the other.

B. Pythagorean Theorem. For any two vectors ~x, ~y in Rn, show that ||~x+ ~y||2 = ||~x||2 + ||~y||2
if and only if ~x and ~y are orthogonal. [Hint: Expand out (~x + ~y) · (~x + ~y). First, of course, think about the scaffold.]

C. Cauchy Schwartz Inequality. State the Cauchy Schwarz inequality for vectors in Rn. Use a
Math 215 definition of dot product (involving angle between vectors) to prove it.

D. Orthogonal Transformations.

1. Define orthogonal transformation of Rn.

2. Define orthogonal matrix.

3. Prove that an orthogonal transformation of Rn preserves orthogonality. That is, if T : Rn →
Rn is orthogonal, and ~x · ~y = 0, then also T (~x) · T (~y) = 0.

4. Give some examples of linear transformations of R2 that are orthogonal. Rotations? reflec-
tions? stretching?

5. Explain why, if A is an orthogonal, then the columns of A are orthonormal.

6. Prove that if A is orthogonal, then A−1 = AT .

7. If A is orthogonal, is A−1 orthogonal?

8. If A and B are orthogonal, what about AB?

E. QR factorization. Suppose that B = {v1, . . . v4} is a basis for a subspace V of Rn, and we
apply the Gram-Schmidt process to get an orthonormal basis A = {u1, . . . u4}. Let S be the change
of basis matrix from B to A. Explain why S is upper triangular. [Hint: what are the columns of
S? Think about the first column of S, then the second, and so on.]


