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Definition: A linear transformation Rn T−→ Rn is orthogonal if |T (~x)| = |~x| for all ~x ∈ Rn.

Theorem: If Rn T−→ Rn is orthogonal, then ~x · ~y = T~x · T~y for all vectors ~x and ~y in Rn.

A. Discuss this definition and theorem with your table: what does each say in words? What,
intuitively and geometrically, really is an orthogonal transformation? What structure on Rn is
preserved by T? What some of the important consequences? What does an orthogonal transforma-
tion do to the unit n-cube? What about to a circle? Any shape? How is this different from a linear
transformation that is not orthogonal? If you are stuck, think first only about orthogonal transformations in

R2. What does an orthogonal transformation do to the unit square? Line segments? Other shapes?

B. Which of the following maps are orthogonal transformations? Think geometrically.

1. R2 → R2 given by rotation counterclockwise through θ in R2

2. The identity map R3 → R3

3. The reflection R3 → R3 over a plane (though the origin).

4. The projection R3 → R3 onto a subspace V of dimension 2

5. Multiplication by

[
3 1
−2 5

]
.

6. Dilation R3 → R3 by a factor of 3.

7. Multiplication by

[
cosθ −sinθ
sinθ cosθ

]
.

Solution note: 1, 2, 3, and 7 all preserve lengths of vectors, so are orthogonal. The
others do not. For 4, note that everything in V ⊥ goes to zero, so its length is not
preserved. For (5), note that ~e1 goes to to the first column, which is not of length 1.
For (6), note lengths get scaled by 3.

C. Let Rn T−→ Rn be an orthogonal transformation.

1. Prove that T is injective. [Hint: consider the kernel.]

2. Prove that T is an isomorphism.

3. Is the inverse of an orthogonal transformation also orthogonal? Prove it!

4. Is the composition of orthogonal transformations also orthogonal? Prove it!



Solution note: (1) It suffices to show the kernel is zero. Assume ~x ∈ kerT . So
T (~x) = 0. But if T is orthogonal also ||T (~x)|| = ||~x||, which means also ||~x|| = 0. So
~x = 0 and T is injective.
(2) This follows from rank-nullity: the kernel has dimension zero so the image has
dimension n. Since the target is Rn, it must be surjective. So T is both injective and
surjective, which means it is bijective. By definition, a bijective linear transformation
is an isomorphism.
(3) Yes. Since ||T (X)|| = ||x|| for all x, we have ||T−1(T (x))|| = ||T (x)|| for all x
which means, substituting y = T (x) that ||T−1(y)|| = ||y|| for all y ∈ Rn. (4) Yes. If
both S and T are orthogonal, then ||S(T (X))|| = ||T (X)|| = ||x|| for all x. So S ◦ T
is orthogonal.

D. Suppose R2 T−→ R2 is given by left multiplication by A =

[
a c
b d

]
. Assuming T is orthogonal,

illustrate an example what such a T does to a unit square. Label your picture with a, b, c, d. What
do you think det A can be?

Solution note: You should see a square, with one corner on the origin and sides of
length 1.

E. Let A be the standard matrix of an orthogonal transformation T : Rn → Rn (meaning that
T (~x) = A~x for all ~x ∈ Rn. Prove that the columns of A are an orthonormal basis for Rn.

Solution note: Each column is length one since they are the images of the ~ei which
are length 1. Also, since ~ei ·~ej (for i 6= j), it is also true that T (~ei) ·T (~ej) = 0. These
are the columns of A.



F. Definition: An n× n matrix is orthogonal if its columns are orthonormal.

1. Is A =

[
cosθ −sinθ
sinθ cosθ

]
orthogonal? Is AT orthogonal? Compute ATA.

2. Is B =

 3/5 4/5 0
−4/5 3/5 0

0 0 1

 orthogonal? Is BT orthogonal? Compute BTB.

3. Prove that if M is an orthogonal matrix, then M−1 = MT . [Hint: write M as a row of
columns and MT as a column of rows. Compute MT ·M . ]

G. Theorem: Let T : Rn → Rn be a linear transformation with (standard) matrix A. Then T is
orthogonal if and only if A has orthonormal columns.

1. Scaffold a proof of this theorem. What needs to be shown?

2. Show that if T is orthogonal, the matrix of T has orthornormal columns [Hint: use the
Theorem on page 1.]

3. Show the converse.

H. Prove that the rows of an orthogonal matrix are also orthonormal.

G. Can you prove very important Theorem on the first page. [Hint: consider x+ y.]

I. An Application of QR factorization. Suppose that we are given a system of n linear equations
in n unknowns: A~x = ~b.

1. Assuming A is invertible, express the solutions to this system in terms of A−1 and ~b.

2. Assume that A = QR is the QR-factorization of A. What does this mean? What are the
sizes of the matrices in this case?

3. What happens if we multiply both sides of the equation A~x = ~b by QT ? How might this
simplify the problem of finding the solution to this system?

4. Suppose that A =

4 4/5 −11/5
0 −10 1
3 −3/5 23/5

. Applying the Gram-Schmidt process to the columns

of this matrix we get

4/5 0 −3/5
0 −1 0

3/5 0 4/5

. Find the QR factorization of A.

Solution note: We have A = QR where Q is the orthogonal matrix above and R is5 1 1
0 10 −1
0 0 5

.



5. Use your QR factorization to quickly solve the system A~x = [0 0 25]T without row
reducing!.

Solution note: To solve A~x = QR~x = ~b, multiply both sides by Q−1, which is QT

since Q is orthogonal. We have the equivalent system R~x = QT~b =

15
0
20

. This is

easy to solve because R is upper triangular. We get z = 4 from the bottom row. Then
the second row gives 10y − 4 = 0, so y = 2/5. The top row gives 5x+ 2/5 + 4 = 15,
so x = 53/5.



G. TRUE OR FALSE. Justify. In all problems, T denotes a linear transformation from Rn to itself,
and A is its matrix in the standard basis.

1. If T is orthogonal, then x · y = Tx · Ty for all vectors x and y in Rn.

2. If T sends every pair of orthogonal vectors to another pair of orthogonal vectors, then T is
orthogonal.

3. If T is orthogonal, then T is invertible.

4. An orthogonal projection is orthogonal.

5. If A is the matrix of an orthogonal transformation T , then the columns of A are orthonormal.

6. The transpose of an orthogonal matrix is orthogonal.

7. The product of two orthogonal matrices (of the same size) is orthogonal.

8. If A is the matrix of an orthogonal transformation T , then AAT is the identity matrix.

9. If A−1 = AT , then A is the matrix of an orthogonal transformation of Rn.


