
Math 412. §4.2 and 4.3 Similarities between F[x] and Z.
Professors Jack Jeffries and Karen E. Smith

Fix a field F. The ring F[x] is similar to the ring Z in many deep ways!1 There is a divi-
sion algorithm in both. Because of this, there is a Euclidean algorithm in both, too! Both Z
and F[x] have a notion of “primeness” though for polynomials we use the word “irreducible”
instead of prime. Both have a theorem about factoring any elements more-or-less uniquely into
prime/irreducible elements.

THEOREM 4.6: THE DIVISION ALGORITHM FOR POLYNOMIALS. Fix a field F. Let f, d ∈
F[x], where d 6= 0. There there exist unique polynomials q, r ∈ F[x] such that

f = qd+ r where r = 0 or deg(r) < deg(d).

DEFINITION: Fix f, g ∈ F[x]. The greatest common divisor of f and g is the monic polyno-
mial of largest degree which divides both f and g.

THEOREM 4.8 In F[x], the greatest common divisor of two polynomials f and g is the monic
polynomial of smallest degree which is an F[x]-linear combination of f and g.

A. WARMUP: THE DIVISION ALGORITHM FOR POLYNOMIALS.
(1) Let f = x3 + 4x2 + x+ 1 in R[x]. Find q and r so that f = qx2 + r, where deg r < 2.
(2) In the ring F2[x], divide the polynomial x5+3x3+x2+1 by x2+1. What is the quotient

and remainder?
(3) In the ring R[x], divide x4 + 3x3 − x2 + 5 by x+ 1. What are r and q?

B. PRACTICE WITH HOMOMORPHISMS. Let F be a field.
(1) Prove that the map F[x] → F sending f(x) 7→ f(0) is surjective homomorphism. Find

the kernel.
(2) Is the map Z3[x] × Z5[x] → Z5[x] sending (f, g) 7→ g a ring homomorphism? Is it

surjective? Injective? What is the kernel?

C. Fix f ∈ F[x], where F is a field. Use the Division Algorithm to
(1) Prove that for any λ ∈ F, f = (x− λ)q + f(λ) for some q ∈ F[x].
(2) Prove that (x− λ) divides f if and only if f(λ) = 0.

D. DIVISORS IN F[x]. Let F be a field.
(1) Define what it means that “f divides g” for polynomials in F[x]. Compare and contrast

to the definition in Z.
(2) Explain why f |g implies that deg f ≤ deg g. What is the analogous statement in Z?
(3) Compute the greatest common divisor of (x2 + 1)(x3 + x2) and (x+ 1)2 in Z2[x].
(4) Compute the greatest common divisor of (4x2 − 1)(x3 + x2) and (x− 1

2
)2 in Q[x].

(5) The word “monic” is included in the definition of GCD to resolve some ambiguity.
What ambiguity?

(6) In any domain, we say that elements r and s are associates if s|r and r|s. What does it
mean that two integers are associates?

1If you take a graduate-level Algebra course some day, you will learn that both are one-dimensional regular
rings!
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(7) In the domain F[x], prove that f and g are associates if and only in f = λg for some
non-zero λ ∈ F.2

(8) Explain why every non-zero integer has a unique associate which is POSITIVE. Explain
why every non-zero polynomial in F[x] has a unique associate polynomial which is
MONIC.

E. EUCLIDEAN ALGORITHM IN F[x]. Fix a field F.
(1) Recall and discuss how the Euclidean algorithm is used to compute (2225, 500). You

do not have to work this out to the end, but recall how to it works!
(2) Suppose that f, g ∈ F[x], and we use the division algorithm to write f = qg + r for

some appropriate q, f ∈ F[x]. Prove that any common divisor of f and g is a divisor of
r. Prove that any common divisor of r and g is a divisor of f .

(3) Suppose that f, g ∈ F[x], and we use the division algorithm to write f = qg + r. Prove
that (f, g) = (g, r).

(4) Use the Euclidean Algorithm to compute (f, g), where f = x3+4x2+x and g = x2+x
in C[x].

(5) Suppose that f, g ∈ Q[x], where deg g = 3. If f = (x7 + x+ 1)g + x in Q[x], what are
the possible values of (f, g)?

F. GREATEST COMMON DIVISORS AND LINEAR COMBINATIONS IN THE RING F[x]. Fix any
field F.

(1) Show that x is an R[x]-linear combination of 4x2 + x+ 2 and 2x2 + 1.
(2) In Q[x], find a monic polynomial of degree 2 that is a linear combination of 3x3+5x2+1

and 6x3 + x2 + x.
(3) State the theorem in the ring Z expressing the greatest common divisor of two integers

using the words “Z- linear combination.”
(4) Compare and Contrast your Theorem in (3) to Theorem 4.8. In what ways are the words

“monic” and “positive” playing analogous roles in resolving some ambiguity?

G. PROOF OF THEOREM 4.5 Let R be a ring. Consider R as the subring of constant polyno-
mials in R[x].

(1) Show that any unit in R is a unit in R[x].
(2) Explain why, if R is a domain, then for any two polynomials f, g ∈ R[x], deg(fg) =

deg f + deg g. Is this true even when R is not a domain?
(3) Prove Theorem 4.5: The polynomial ring R[x] is a domain if and only if R is a domain.

H. THE PROOF OF THE DIVISION ALGORITHM FOR POLYNOMIALS: The proof for polyno-
mial uses a similar method as the proof for Z.

(1) Fix f and d in F[x] as in Theorem 4.6. Consider the set S := {f − gd |, g} ∈ F[x].
Explain why the existence part of the Division algorithm is equivalent to the statement
that 0 ∈ S or S contains an element of degree less than deg d.

(2) Show that if S contains an element of degree zero, the division algorithm holds for f, d.
(3) Assuming S contains an element h of degree δ′ > δ = deg(d), subtract a suitable

multiple of d to find a smaller degree element in S.
(4) Prove the existence statement.3

(5) Prove the uniqueness.

2This is actually the book’s definition of associate polynomials; you just proved it is equivalent to ours.
3Hint: Chose an element of smallest positive degree in S. What axiom gaurantees we can do this?
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H. THE PROOF OF THEOREM 4.8: Prove Theorem 4.8 by considering the set S of all linear
combinations of f and g. Why is there a unique polynomial in S of smallest degree? Why is it
the GCD of f and g?


