
Math 412. §4.1, 4.2: Polynomial Rings
Professors Jack Jeffries and Karen E. Smith

“DEFINITION:” Fix a ring R. The polynomial ring over R is the ring

R[x] = {a0 + a1x+ · · ·+ anx
n | ai ∈ R, n ∈ N},

where the operations + and × are the natural ones you know from high school (of course,
adapted so all coefficient arithmetic happens in the ring R).

THEOREM 4.6: THE DIVISION ALGORITHM FOR POLYNOMIALS. Fix a field F. Let f, d ∈
F[x], where d 6= 0. There there exist unique polynomials q, r ∈ F[x] such that

f = qd+ r where r = 0 or deg(r) < deg(d).

THEOREM 4.3: Let R be any ring. The polynomial ring R[x] is a domain if and only if R is a
domain.

THEOREM 4.5: For any domain R, the units in R[x] are the units in the subring R of constant
polynomials. In particular, if F is a field, then the units in F[x] are the non-zero constant
polynomials.

A. WARM-UP: Be sure to use the theorems above to make these go quickly!
(1) What is the zero and one in F3[x]? Is F3[x] commutative? Is it a domain?
(2) Use a theorem above to decide whether Z72[x] is a domain. Now find a pair of non-zero

elements in Z72[x] whose product is zero.
(3) In Z8: for f = (1+3x) and g = (2x2+4x3), compute and simplify f+4g and (3x)3+g.

Here, we abuse notation by representing congruence classes by any integer representative.
(4) How many polynomials of degree less than 3 in the ring Z2[x]? How many are units?
(5) How many units in Z[x]?
(6) Suppose that f ∈ Q[x] has degree 5. Find the degrees of the following polynomials:

f − x, f 2, f + 4x51, f − 2x5, (x2 + 1)f 3.
(7) Find the leading coefficient of h7 where h = 5x16 + 3x15 + 1 ∈ Z7[x].
(8) Does x2 + 1 have a multiplicative inverse in Z2[x]?
(9) Is there any field F such that F[x] is a field?

(10) In Z8[x], compute (1 + 4x)(1 − 4x). Is the hypothesis that R is a domain necessary in
Theorem 4.5?

(1) The zero and one are the constant polynomials [0]3 and [1]3. Yes, F3[x] is commutative and a domain
by Theorem 4.3.

(2) Theorem 4.3 implies Z72[x] is not a domain. Note: [8]72x · ([9]x2) = 0.
(3) In Z8: f + 4g = 1 + 3x and (3x)3 + g = 7x3 + 2x2.
(4) There are 7 polynomials of degree less than 3 in the ring Z2[x], if we go with the convention that the

0 polynomial has undefined degree. There are 8 if we go with the convention that the 0 polynomial
has degree −∞. Only 1 is a unit.

(5) There are two units in Z[x], ±1, by Theorem 4.5.
(6) deg(f − x) = 5, deg(f2) = 10, deg(f + 4x51) = 51, deg(f − 2x5) is 5 if the leading coefficient

of f is not 2, less otherwise. deg((x2 + 1)f3) = 17.
(7) The leading coefficient of (5x16 + 3x15 + 1)7 ∈ Z7[x] is 57 = 5.
(8) Nope. Thm 4.5.
(9) Nope. Thm 4.5 says x is never a unit.

(10) In Z8[x], (1 + 4x)(1− 4x) = 1. So the hypothesis that R is a domain necessary in Theorem 4.5.
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B. THE DIVISION ALGORITHM FOR POLYNOMIALS.
(1) Let f = x3 + 4x2 + x+ 1 in R[x]. Find q and r so that f = qx2 + r, where deg f < 2.
(2) In the ring F2[x], divide the polynomial x5+3x3+x2+1 by x2+1. What is the quotient and remainder?

(1) Write f = x3 + 4x2 + x+ 1 = (x+ 4)x2 + (x+ 1). So q = x+ 4 and r = x+ 1.
(2) Do the long division: We get that q = x3 + 1 and r = 0.

C. SOME HOMOMORPHISMS. Let F be a field.
(1) Prove that the map F[x]→ F sending f(x) 7→ f(0) is surjective homomorphism. Find the kernel.
(2) Is the map Z3[x]×Z5[x]→ Z5[x] sending (f, g) 7→ g a ring homomorphism? Is it surjective? Injective?

What is the kernel?

D. Fix f ∈ F[x], where F is a field. Assuming the Division Algorithm for polynomials:
(1) Prove that for any λ ∈ F, f = (x− λ)g + f(λ) for some g ∈ F[x].
(2) Prove that (x− λ) divides f if and only if f(λ) = 0.

E. DIVISORS IN F[x]. Recall that the greatest common divisor of two polynomials f and g in F[x] is the monic
polynomial of largest degree dividing both f and g. Let F be a field. Let f, g ∈ F[x].

(1) Define what it means that “f divides g.”
(2) Explain why f |g implies that deg f ≤ deg g.
(3) Explain why if f |g and g|f , then f and g are associates, meaning that f = λg for some non-zero λ ∈ F.
(4) Explain why every polynomial is associate to a monic polynomial.
(5) Compute the greatest common divisor of (x2 + 1)(x3 + x2) and (x+ 1)2 in Z2[x].
(6) Compute the greatest common divisor of (4x2 − 1)(x3 + x2) and (x− 1

2 )
2 in Q[x].

F. PROOF OF THEOREM 4.5 Let R be a domain. Consider R as the subring of constant polynomials in R[x].
(1) Show that any unit in R is a unit in R[x].
(2) Explain why, for any two polynomials f, g ∈ R[x], deg(fg) = deg f + deg g.
(3) Prove that if f ∈ R[x] is a unit, then f is a constant polynomial.
(4) Prove Theorem 4.5

G. THE PROOF OF THE DIVISION ALGORITHM FOR POLYNOMIALS: The proof for polynomial uses a similar
method as the proof for Z.

(1) Fix f and d in F[x] as in Theorem 4.6. Consider the set S := {f − gd |, g} ∈ F[x]. Explain why the
existence part of the Division algorithm is equivalent to the statement that 0 ∈ S or S contains an element
of degree less than deg d.

(2) Show that if S contains an element of degree zero, the division algorithm holds for f, d.
(3) Assuming S contains an element h of degree δ′ > δ = deg(d), subtract a suitable multiple of d to find a

smaller degree element in S.
(4) Prove the existence statement.1

(5) Prove the uniqueness.

H. THE PROOF OF THEOREM 4.8: Prove Theorem 4.8 by considering the set S of all linear combinations of f
and g. Why is there a unique polynomial in S of smallest degree? Why is it the GCD of f and g?

1Hint: Choose an element of smallest positive degree in S. What axiom gaurantees we can do this?


