
Math 412. Worksheet on §2.3: Properties of Zn.
Professors Jack Jeffries and Karen E. Smith

NOTATION: The notation Zn denotes the ring of congruence classes modulo n.

DEFINITION: A field is a commutative ring (with unity) such that every non-zero element has
a multiplicative inverse.

THEOREM: The ring Zn is a field if and only if n is prime.

A. WARM-UP

(1) What does it mean that Z6 is a ring? What is the additive identity? Does Z6 have a
multiplicative identity?

(2) In Z6, verify the associative property of addition in a special case by computing
([63]6 + [−184]6) + [4]6 and [63]6 + ([−184]6 + [4]6).

(3) Verify the distributive property in Z6 in a special case by computing both
[6001]6([49]6 + [−18]6) and [6001]6[49]6 + [6001]6[−18]6.

(4) Compute [−60052]6 + [4]6; now find the additive inverse of [−60052]6.
(5) Prove that in Zn, the additive inverse of [a]n is [−a]n. What does this have to do with ( 4)?
(6) Find some interpretations for subtraction: what does [a]n − [b]n mean in Zn? Are all

your interpretations the same?
(7) Use the theorem above to determine which elements of Z863 have multiplicative in-

verses.
(8) Is Z6 a field? If not, find an explicit congruence class that does not have a multiplicative

inverse.

B. SOLVE THE FOLLOWING EQUATIONS FOR x IN Z7:
(1) [5]x = 1. [Hint: One method is simply to plug and check each element Z7. There are only seven.]
(2) [6]x = 1. Solve this one by finding a convenient representative for the class [6].
(3) [12]x+ [703] = [4]
(4) x2 + [3]x+ [3] = [0].
(5) What elements of Z7 are perfect squares?

C. Using the Theorem at the top of the page, discuss the following: For what n is there a way
to interpret division of congruence classes [a]÷ [b] when [b] 6= [0] in Zn? What is [2]7 ÷ [3]7?

D. By definition, a unit in a ring R is an element r which has a multiplicative inverse. Find all
units in Z4. Find all units in Z8. Find all units in Z17. Restate the definition of field using the
word “unit.”

E. PROOF OF THE THEOREM. Recall THEOREM 1.2: For a, b ∈ Z, the GCD (a, b) is the
smallest positive integer that is a Z-linear combination of a and b.

For this problem, do not assume the Theorem at top of the page; our goal is to prove it, so we must avoid circular
reasoning. All letters below denote integers.

(1) Suppose that ab+Ny = 1. Prove that [a][b] = [1] in ZN .
(2) Suppose that (a,N) = 1. Prove that [a] has a multiplicative inverse in ZN .
(3) Prove that that [a] is a unit in ZN if and only if (a,N) = 1.
(4) Prove that Zn is a field if and only if n is prime.



See the proof of Theorem 2.9 on page 40.

BONUS: Suppose there exists non-zero [x] ∈ Zn is such that [x]k = [0] for some k > 0. What
can you say about n?


