
Math 412. §8.3 Quotient Groups
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Fix a group (G, ◦) and a normal subgroup N . The quotient group G/N is the set of right
cosets of N in G, with the binary operation ? defined by Ng ? Nh = Ngh.

Remember! The elements of G/N are sets—more precisely, they are the cosets of N in G. Our operation ? combines two
of these sets into a third; be sure you know exactly how.1

THEOREM: Fix a group (G, ◦) and a normal subgroup N . There is a surjective group homomorphism
π : G→ G/H defined by π(g) = Ng. This homomorphism is called the canonical quotient map.

FIRST ISOMORPHISM THEOREM FOR GROUPS: Let G
φ→ H be a surjective group homomorphism with

kernel K. Then G/K ∼= H . More precisely, the map

G/K → H Kg 7→ φ(g)

is an isomorphism.

A. WARMUP: Make sure everyone in your group can define normal subgroup, and can explain a good
strategy for showing a given subgroup K is normal in G. Why do you think normal subgroups are
important? In the definition of quotient group above, what happens if we use left cosets instead of right?
The two theorems above, put together, say that normal subgroups are the same as kernels of group
homomorphisms. Explain.

B. Let G = (Z12,+). Let H = {[0], [3], [6], [9]}.
(1) Verify that H is a normal subgroup of G.
(2) List out all twelve elements of G, partitioned in an organized way into H-cosets. [Why have I

dropped the adjective right modifying coset?]
(3) Make a table for the operation of group G/H . Good notation is critical: be sure to choose a

reasonable name for each element in G/H!
(4) Describe the canonical quotient map π : G→ G/H explicitly in this example. That is, say where

each of the 12 elements of G = Z12 is sent. What is the kernel of π?

C. Let G = (Z×
15,×). Let N = 〈[−1]〉. Let K be the subgroup generated by [4].

(1) Compute |G|, |N |, |K|. Compute [G : N ] and [G : K]. Are N and K normal?
(2) List out all eight elements of G, partitioned in an organized way into N -cosets.
(3) Make a table for the operation in the group G/N .
(4) List out the elements of G again, but now partitioned into K-cosets.
(5) Make a table for the quotient group G/K.
(6) Is G/K ∼= G/N?
(7) Describe the canonical quotient maps G→ G/N and G→ G/K. List each out explicitly where

each elements goes. Describe the kernel of each.

1CAUTION: If N is not normal, we can still look at the set of right cosets in G: the set of these cosets is still denoted G/N .
However, there is no way to define a well-defined binary operation on it in a natural way. That is, there is no natural group
structure on G/N unless N is normal!



D. Use the first isomorphism theorem to prove:
(1) For any field F, the group SLn(F) is normal in GLn(F) and the quotient GLn(F)/SLn(F) is

isomorphic to F×.
(2) For any n, the group An is normal in Sn and the quotient Sn/An is cyclic of order two.

E. In S3, consider the subgroup K generated by (12).
(1) Write out the elements of S3, partitioned into right K-cosets in an organized way.
(2) Write out the elements of S3, partitioned into left K-cosets in an organized way. What is the

difference?
(3) Explore what goes wrong if we try to define the operation ? on right cosets.


