
Math 412. §8.3 Quotient Groups
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Fix a group (G, ◦) and a normal subgroup N . The quotient group G/N is the set of right
cosets of N in G, with the binary operation ? defined by Ng ? Nh = Ngh.

Remember! The elements of G/N are sets—more precisely, they are the cosets of N in G. Our operation ? combines two
of these sets into a third; be sure you know exactly how and are not just mindlessly manipulating symbols.1

THEOREM: Fix a group (G, ◦) and a normal subgroup N . There is a surjective group homomorphism
π : G→ G/H defined by π(g) = Ng. This homomorphism is called the canonical quotient map.

FIRST ISOMORPHISM THEOREM FOR GROUPS: Let G
φ→ H be a group homomorphism which is

surjective and whose kernel is K. Then G/K ∼= H . More precisely, the map

G/K → H Kg 7→ φ(g)

is an isomorphism.

B. Let G = (Z12,+). Let H = {[0], [3], [6], [9]}.
(1) Verify that H is a normal subgroup of G.
(2) List out all twelve elements of G, partitioned in an organized way into H-cosets. [Why have I

dropped the adjective right modifying coset?]
(3) Make a table for the operation of group G/H . Good notation is critical: be sure to choose a

reasonable name for each element in G/H .
(4) Describe the canonical quotient map π : G→ G/H explicitly in this example. That is, say where

each of the 12 elements of G = Z12 is sent. What is the kernel of π?

(1) First, we should check it is a subgroup: This is easy, since its elements are of the form [3k]12 where k ∈ Z.
This is obviously non-empty, and closed under sums and (additive) inverses. To see that it is normal, we use the
fact that G = Z12 is abelian: since gh = hg for all g, h ∈ G, this in particular means that gh = hg for all g ∈ G
and all h ∈ H . So the sets gH and Hg are the same.

(2) There are twelve elements of G, which (abusing notation) we denote by the digits 0, 1, . . . , 11. We can list them
out grouping them by cosets as follows:

0 3 6 9
1 4 7 10
2 5 8 11

where each row here consists of the elements in a coset. The first row consists of the elements in the coset H , we
we denote He, the second row consists of the elements in the coset H+, 1 which we denote H1 and the third row
consists of the elements in the coset H + 2 which we denote H2. [One group used the notation [[0]], [[1]], [[2]],
respectively, which I thought showed a decent understanding of the situation. What are they getting out with
the “double bracket”?]. [Another group used the notation H,L,M , which I also liked, because it removes the
artificial bias in my notation—note that I could have just as well used H4 = H7 = H10 instead of H1 to denote
the coset {1, 4, 7, 10}. It is important to realize that all the elements of this set are on equal standing as far as
the group structure goes.]

1CAUTION: If N is not normal, we can still look at the set of right cosets in G: the set of these cosets is still denoted G/N .
However, there is no way to define a well-defined binary operation on it in a natural way. That is, there is no natural group
structure on G/N unless N is normal!



(3) The table is
? H0 H1 H2

H0 H0 H1 H2

H1 H1 H2 H0

H2 H2 H0 H1

(4) The canonical map G→ G/H sends each element of G to the coset it lives in. Pictorially:

0 3 6 9
1 4 7 10
2 5 8 11

−→
{0 3 6 9}
{1 4 7 10}
{2 5 8 11}

where the left side above shows the 12 different elements of the source G and the right side above show the
THREE elements (each is a set but each is ONE ELEMENT) of the target G/H . The map takes the elements
of G to the set they belong to. We can think of the canonical quotient map as the process of drawing the
set-brackets.

C. Let G = (Z×
15,×). Let N = 〈[−1]〉. Let K be the subgroup generated by [4].

(1) Compute |G|, |N |, |K|. Compute [G : N ] and [G : K]. Are N and K normal?
(2) List out all eight elements of G, partitioned in an organized way into N -cosets.
(3) Make a table for the operation in the group G/N .
(4) List out the elements of G again, but now partitioned into K-cosets.
(5) Make a table for the quotient group G/K.
(6) Is G/K ∼= G/N?
(7) Describe the canonical quotient maps G → G/N and G → G/K. List each out explicitly

where each elements goes. Can you do this in a pictorial way using your answers to (2) and (4)?
Describe the kernel of each.

(1) |G| = 8, |N | = |K| = 2. By Lagrange’s theorem, [G : N ] = [G : K] = 2. Both N and K are normal because
G is abelian, and all subgroups of an abelian group are normal.

(2) The group G contains the 8 elements (abusing notation) {±1,±2,±4,±7}. This way of writing them organizes
them pretty well into cosets, since each coset contains one element and its (additive) inverse.

(3) The table is
? ±1 ±2 ±4 ±7
±1 ±1 ±2 ±4 ±7
±2 ±2 ±4 ±7 ±1
±4 ±4 ±7 ±1 ±2
±7 ±7 ±1 ±2 ±4

(4) {{1, 4}, {2, 8}, {7, 13}, {11, 14}}. The four cosets will be called [[1]], [[2]], [[7]], [[11]].
(5) The table is

? [[1]] [[2]] [[7]] [[11]]

[[1]] [[1]] [[2]] [[7]] [[11]]
[[2]] [[2]] [[1]] [[11]] [[7]]
[[7]] [[7]] [[11]] [[1]] [[2]]
[[11]] [[11]] [[7]] [[2]] [[1]]

(6) The quotient groups both have order 4 but are not isomorphic. We see that G/K has every element its own
inverse (witness the diagonal of identity elements). So it is a Klein 4-group. The other is cyclic of order 4.

(7) In both case, the quotient map “globs together” the elements of G that are in the same coset. So for for G →
G/N for example, each element of G is taken to the symbol±g denoting the two-element set {g,−g}. Working
mod N is awesome for people who tend to make sign errors, because modulo N identifies each element of g
with its negative. Likewise, the map G → G/K just assigns each element to the coset containing it: it makes
all the elements of each fixed coset “the same”.



D. Use the first isomorphism theorem to prove:
(1) For any field F, the group SLn(F) is normal in GLn(F) and the quotient GLn(F)/SLn(F) is

isomorphic to F×.
(2) For any n, the group An is normal in Sn and the quotient Sn/An is cyclic of order two.

(1) Easy peasy: The determinant map GL2(F) → F× is a surjective group homomorphism. Its kernel is SL2(F).
So by the first isomorphism theorem, the quotient GL2(F)/SL2(F) ∼= F×.

(2) The sign map Sn → {±1} is a homomorphism with kernel An. So the quotient Sn/An
∼= {±1}, which is a

cyclic group of order two.

E. In S3, consider the subgroup K generated by (12).
(1) Write out the elements of S3, partitioned into right K-cosets in an organized way.
(2) Write out the elements of S3, partitioned into left K-cosets in an organized way. What is the

difference?
(3) Explore what goes wrong if we try to define the operation ? on right cosets.


