
Math 412. §6.2 Worksheet on Quotient Rings.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Let I be an ideal of a ring R. We say that x, y ∈ R are congruent modulo I if
x− y ∈ I . We write x ≡ y mod I for “x is congrent to y mod I .”

The congruence class of y modulo I is the set

y + I = [y]I := {x ∈ R |x− y ∈ I}.

DEFINITION: Let I be an ideal of a ring R. The Quotient Ring of R by I is the set R/I
consisting of all congruence classes modulo I in R, together with binary operations + and ·
defined by

(x+ I) + (y + I) := (x+ y) + I (x+ I) · (y + I) := (x · y) + I.

A: Let R = F[x] and I = (g) where g is a polynomial of degree δ. (Here, F is an arbitrary field.)

(1) Recall1 that every congruence class in R/I contains a unique polynomial r of degree
< δ. How2 do you find it? Call this the “canonical representative of the class.”

(2) For the ring Zp[x], let I = (g) where g has degree d. How many elements in the ring
R/I?

B: Fix any ring R and any ideal I . Suppose that x1 ≡ x2 mod I and y1 ≡ y2 mod I
(1) Show that x1 + y1 ≡ x2 + y2 mod I .
(2) Show that x1 · y1 ≡ x2 · y2 mod I .
(3) Explain why the addition and multiplication defined above on the set R/I are well-

defined, and why the ring axioms like associativity of each operation are automatic for
R/I .

(4) What are the additive and multiplicative identity elements in R/I?
(5) What is the additive inverse of y + I in R/I?
(6) Explain why R/I is commutative whenever R is commutative.

C. A QUOTIENT OF Z2[x]. Let R = Z2[x].
(1) Let I = (x2). How many elements in R/I? What are they?
(2) Write out the addition and multiplication tables for R/I . Write these in a place you can save

them for the next problem.
(3) Use your tables to find all units of R/I and all nilpotents in R/I .
(4) Is R/I a domain? A field? Explain.

D. MORE QUOTIENTS OF Z2[x]. Let R = Z2[x]. Let g be a polynomial in Z2[x] of degree 2.
(1) How many possible choices for g are there?
(2) How many elements of R/(g) are there? What is a good way to represent the elements

of R/(g)?
(3) For each choice of g, write out the addition table. You already did this for g = x2 in C.

Why does it look the same for all g?
(4) For each choice of g, write out the multiplication table. Why does the multiplication

table depend on g?

1from Worksheet last time and/or your reading in §5.1
2Use the division algorithm.



(5) For the ring Z2[x]/(x
2 + x), find all units and find all nilpotents. Can this ring be

isomorphic to the ring in C?
(6) For the ring Z2[x]/(x

2 + x + 1), find all units and find all nilpotents. Can this ring be
isomorphic to the ring in C or in D (5) ?

(7) Find a ring homomorphism

φ : Z2[x]/(x
2)→ Z2[x]/(x

2 + 1).

Explain how to use your addition and multiplication tables to prove that φ is an isomor-
phism.

E. The rings Z4 and Z2×Z2 are also rings of cardinality 4. Are they isomorphic to eachother?
Explain. Is either isomorphic to any of the rings in C or D? Explain.

F. How many rings (with identity) of cardinality 4 can you find? Are there any non-commutative
examples?


