
Math 412. §6.2 Worksheet on Quotient Rings.
Professors Jack Jeffries and Karen E. Smith

DEFINITION: Let I be an ideal of a ring R. We say that x, y ∈ R are congruent modulo I if
x− y ∈ I . We write x ≡ y mod I for “x is congrent to y mod I .”

The congruence class of y modulo I is the set

y + I = [y]I := {x ∈ R |x− y ∈ I}.

DEFINITION: Let I be an ideal of a ring R. The Quotient Ring of R by I is the set R/I
consisting of all congruence classes modulo I in R, together with binary operations + and ·
defined by

(x+ I) + (y + I) := (x+ y) + I (x+ I) · (y + I) := (x · y) + I.

A: Let R = F[x] and I = (g) where g is a polynomial of degree δ. (Here, F is an arbitrary field.)

(1) Recall1 that every congruence class in R/I contains a unique polynomial r of degree
< δ. How2 do you find it? Call this the “canonical representative of the class.”

(2) For the ring Zp[x], let I = (g) where g has degree d. How many elements in the ring
R/I?

(1) The f + I is represented by the remainder r when f is divided by g. By the division algorithm, r
exists (with degree less than δ) and is unique. See §5.1, especially Theorem 5.3 and Corollary 5.4
and 5.5.

(2) Each class is represented UNIQUELY by a0 + a1x+ · · ·+ ad−1x
d−1 where the ai ∈ Zp. So there

are pd classes.

B: Fix any ring R and any ideal I . Suppose that x1 ≡ x2 mod I and y1 ≡ y2 mod I
(1) Show that x1 + y1 ≡ x2 + y2 mod I .
(2) Show that x1 · y1 ≡ x2 · y2 mod I .
(3) Explain why the addition and multiplication defined above on the set R/I are well-

defined, and why the ring axioms like associativity of each operation are automatic for
R/I .

(4) What are the additive and multiplicative identity elements in R/I?
(5) What is the additive inverse of y + I in R/I?
(6) Explain why R/I is commutative whenever R is commutative.

(1) Given x1 ≡ x2 mod I and y1 ≡ y2 mod I . This means x1 − x2 ∈ I and y1 − y2 ∈ I . Add these in
R: we get (x1 − x2) + (y1 − y2) ∈ I because ideals are closed under addition. Rearranging using
the commutative, associative and distributive axioms of a ring, we have (x1 + y1)− (x2 + y2) ∈ I .
So x1 + y1 ≡ x2 + y2 mod I .

(2) Given x1 ≡ x2 mod I and y1 ≡ y2 mod I . This means x1−x2 ∈ I and y1−y2 ∈ I . Write x1 = x2+i
and y1 = y2+j where i, j ∈ I . Multiply inR: x1y1 = (x2+i)(y2+j) = x2y2+x2j+ix1+ij using
the distributive axiom of rings. Note that because I is closed under R-multiplication, the elements
x2j, ix1, and ij are all in I . So their sum is too. Thus x1y1−x2y2 ∈ I , and x1 · y1 ≡ x2 · y2 mod I .

1from Worksheet last time and/or your reading in §5.1
2Use the division algorithm.



(3) We proved the addition is well-defined in (1): it says that adding ANY element of the class x+ I to
ANY element of the class y+ I together, we always get the the same class, namely x+ y+ I . Ditto
in (2) we showed multiplication is well-defined. The associative axiom for addition and multiplica-
tion in R/I follow from that in R, since we add classes by adding any representative element, any
associativity works on the elements of R. Ditto for commutativity of + and distributivity.

(4) The additive identity is the class of 0, which is the set I . The multiplicative identity element is the
class of 1, which is the set 1 + I in R/I .

(5) The additive inverse of y + I in R/I is −y + I .
(6) Say R is commutative. Take two classes x + I and y + I in R/I . Then (x + I)(y + I) = xy + I

and (y + I)(x+ I) = yx+ I, so since xy = yx in R, these are the same classes.

C. A QUOTIENT OF Z2[x]. Let R = Z2[x].
(1) Let I = (x2). How many elements in R/I? What are they?
(2) Write out the addition and multiplication tables for R/I . Write these in a place you can save

them for the next problem.
(3) Use your tables to find all units of R/I and all nilpotents in R/I .
(4) Is R/I a domain? A field? Explain.

(1) There are 4: they are 0 + I, 1 + I, x + I and x + 1 + I . That is, the classes of 0, 1, x, and x + 1
modulo I the ideal of ALL polynomial multiples of (x2).

(2)

+ [0] [1 ] [x] [x+1]
[0] [0] [1 ] [x] [x+1]
[1 ] [1 ] [0] [x+1] [x]
[x] [x] [x+1] [0] [1]

[x+1] [x+1] [x] [1] [0]

· [0] [1 ] [x] [x+1]
[0] [0] [0 ] [0] [0]
[1 ] [0 ] [1] [x] [x+1]
[x] [0] [x] [0] [x]

[x+1] [0] [x+1] [x] [1]
(3) The only units of R/I are 1 and [x+ 1]. The only nilpotents are 0 and [x].
(4) R/I not a domain since [x][x] = 0. Also not a field, since [x] has no multiplicative inverse.

D. MORE QUOTIENTS OF Z2[x]. Let R = Z2[x]. Let g be a polynomial in Z2[x] of degree 2.
(1) How many possible choices for g are there?
(2) How many elements of R/(g) are there? What is a good way to represent the elements

of R/(g)?
(3) For each choice of g, write out the addition table. You already did this for g = x2 in C.

Why does it look the same for all g?
(4) For each choice of g, write out the multiplication table. Why does the multiplication

table depend on g?
(5) For the ring Z2[x]/(x

2 + x), find all units and find all nilpotents. Can this ring be
isomorphic to the ring in C?

(6) For the ring Z2[x]/(x
2 + x + 1), find all units and find all nilpotents. Can this ring be

isomorphic to the ring in C or in D (5) ?
(7) Find a ring homomorphism

φ : Z2[x]/(x
2)→ Z2[x]/(x

2 + 1).

Explain how to use your addition and multiplication tables to prove that φ is an isomor-
phism.

(1) There are 4: they are x2, x2 + x, x2 + 1 and x2 + x+ 1.



(2) There are 4: they are 0 + I, 1 + I, x + I and x + 1 + I . That is, the classes of 0, 1, x, and x + 1
modulo I the ideal of ALL polynomial multiples of (g). It is important to note that in the different
quotient rings, the notations 0 + I (etc) are DIFFERENT SUBSETS of Z2[x].

+x2+x [0] [1 ] [x] [x+1]
[0] [0] [1 ] [x] [x+1]
[1 ] [1 ] [0] [x+1] [x]
[x] [x] [x+1] [0] [1]

[x+1] [x+1] [x] [1] [0]

·x2+x [0] [1 ] [x] [x+1]
[0] [0] [0 ] [0] [0]
[1 ] [0 ] [1] [x] [x+1]
[x] [0] [x] [x] [0]

[x+1] [0] [x+1] [0] [x+1]

+x2+1 [0] [1 ] [x] [x+1]
[0] [0] [1 ] [x] [x+1]
[1 ] [1 ] [0] [x+1] [x]
[x] [x] [x+1] [0] [1]

[x+1] [x+1] [x] [1] [0]

·x2+1 [0] [1 ] [x] [x+1]
[0] [0] [0 ] [0] [0]
[1 ] [0 ] [1] [x] [x+1]
[x] [0] [x] [1] [x+1]

[x+1] [0] [x+1] [x+1] [0]

+x2+x+1 [0] [1 ] [x] [x+1]
[0] [0] [1 ] [x] [x+1]
[1 ] [1 ] [0] [x+1] [x]
[x] [x] [x+1] [0] [1]

[x+1] [x+1] [x] [1] [0]

·x2+x+1 [0] [1 ] [x] [x+1]
[0] [0] [0 ] [0] [0]
[1 ] [0 ] [1] [x] [x+1]
[x] [0] [x] [x+1] [1]

[x+1] [0] [x+1] [1] [x]

(3) The addition tables look the same because when we add the canonical representative for each class,
the degree never goes above 2. So we never have to divide again and find a remainder.

(4) For multiplication, the tables are different because we have to divide by g to find the remainder, and
it is different for each choice of g.

(5) In the ring Z2[x]/(x
2 + x), the only unit is [1] and and the only nilpotent is 0. So it can not be

isomorphic to Z2[x]/(x
2), as that ring has two nilpotents.

(6) For the ring Z2[x]/(x
2 + x + 1), every non-zero element is a unit, and only zero is nilpotent. This

ring can not be isomorphic to the ring Z2[x]/(x
2 + x) or Z2[x]/(x

2) since those rings have fewer
than 3 units.

(7) The map
φ : Z2[x]/(x

2)→ Z2[x]/(x
2 + 1)

defined by
[0] 7→ [0], [1] 7→ [1], [x] 7→ [x+ 1], [x+ 1] 7→ [x],

is an isomorphism. You can just study the tables any observe that φ(x + y) = φ(x) + φ(y) and
φ(x · y) = φ(x) · φ(y) for all x, y in the source.

E. The rings Z4 and Z2×Z2 are also rings of cardinality 4. Are they isomorphic to eachother?
Explain. Is either isomorphic to any of the rings in C or D? Explain.

(1) No, Z4 and Z2 × Z2 are not isomorpic. Suppose they are, and let φ : Z4 → Z2 × Z2 be an
isomorphism. Then φ(1) = (1, 1). But that means φ(1+1) = φ(1)+φ(1) = (1, 1)+(1, 1) = (0, 0).
So there are two elements mapping to the zero in Z2 × Z2, namely φ(2) = φ(0) = (0, 0). The map
is not injective, so can’t be an isomorphism. For the same reason, Z4 can’t be isomorphic to ANY of
the rings in D. All the rings in D have the property that 1 + 1 = 0, which is not true in Z4.
Let us consider whether Z2 × Z2 could be isomorphic to one of the four rings in D. There are no
non-zero nilpotents in Z2 ×Z2 and the only unit is (1, 1). So the only possibility is Z2[x]/(x

2 + x).
Can we find an isomorphism? We know where the additive and multiplicative identities would have
to go. Try

φ : Z2 × Z2 → Z2[x]/(x
2 + x),

(0, 0) 7→ [0] (1, 1) 7→ [1] (1, 0) 7→ [x] (0, 1) 7→ [x+ 1]



This is a bijection, and it is easy to check, by comparing the addition and multiplication tables of
Z2×Z2 to the tables for Z2[x]/(x

2+x) above, that it respects the + and×. So it is an isomorphism.

F. How many rings (with identity) of cardinality 4 can you find? Are there any non-commutative
examples?

We found FOUR different isomorphism classes of rings with four elements, namely Z4, Z2×Z2 (which is
isomorphic to Z2[x]/(x

2+x)), Z2[x]/(x
2) (which is isomorphic to Z2[x]/(x

2+1)), and Z2[x]/(x
2+x+1),

which is the only field on this list. I will give you extra credit if you can correctly prove that there are no
others. I will accept this extra credit assignment anytime up to the start on Class Wednesday Oct 18. Caution:
It may not be easy, so study for the exam first.


